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AVERAGING THEORY AND CATASTROPHES*

PEDRO C. C. R. PEREIRAS:T, MIKE R. JEFFREY!l'¥, AND DOUGLAS D. NOVAESY:1

Abstract. When a dynamical system is subject to a periodic perturbation, the averaging method
can be applied to obtain an autonomous leading order ‘guiding system’, placing the time dependence
at higher orders. Recent research focused on investigating invariant structures in non-autonomous
differential systems arising from hyperbolic structures in the guiding system, such as periodic orbits
and invariant tori. Complementarily, the effect that bifurcations in the guiding system have on
the original non-autonomous one has also been recently explored, albeit less frequently. This paper
extends this study by providing a broader description of the dynamics that can emerge from non-
hyperbolic structures of the guiding system. Specifically, we prove here that C-universal bifurcations
in the guiding system ‘persist’ in the original non-autonomous one, while non-versal bifurcations,
such as the transcritical and pitchfork, do not. We illustrate the results on examples of a fold, a
transcritical, a pitchfork, and a saddle-focus.
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1. Introduction. The method of averaging allows time-dependent singular per-
turbations of autonomous dynamical systems to be moved to higher orders in the per-
turbation parameter. The leading order term, sometimes called the guiding system,
is then time-independent, but captures the average of the time-varying perturbation.
Typically, if the perturbation is periodic, one can then show that equilibria of the
guiding system constitute periodic orbits in the full system, see e.g. [?, ?] and with
more generality [?, ?]. Other invariant structures have also been studied, for example
periodic orbits of the time-independent system leading to invariant tori [?, ?]. To
describe what happens when bifurcations occur in the guiding system is a harder
problem, and only solved for limited cases, such as a fold or Hopf bifurcation un-
der certain conditions in [?, ?]. Bifurcation theory itself cannot generally be directly
applied because of the singular nature of the systems. In this paper we provide the
necessary theory to study whether bifurcations ‘persist’ under averaging.

In essence here we will study systems of the form X = ef (t, X, p,€), where
i € RF is some parameter. Such equations describe the effect of a time-varying
perturbation e f (¢, X, u, €) near time-independent invariants, e.g. near the equilibrium
h = 0 of an autonomous system X = h(X), and these occur commonly, for example, in

8 pedro.pereira@ime.unicamp.br (Corresponding author)

I mike.jeffrey@bristol.ac.uk

Yddnovaes@unicamp.br

*Submitted to the editors on August 29, 2025.

Funding: PCCRP is supported by Sao Paulo Research Foundation (FAPESP) grants n°
2023/11002-6 and 2020/14232-4. DDN is partially supported by Sdo Paulo Research Foundation
(FAPESP) grant 2024/15612-6 and by Conselho Nacional de Desenvolvimento Cientifico e Tec-
nolégico (CNPq) grant 301878/2025-0.

TUniversidade Estadual de Campinas (UNICAMP), Departamento de Matemadtica, Instituto de
Matemadtica, Estatistica e Computagao Cientifica (IMECC) - Rua Sérgio Buarque de Holanda, 651,
Cidade Universitdria Zeferino Vaz, 13083-859, Campinas, SP, Brazil.

£School of Engineering Mathematics and Technology, University of Bristol, Ada Lovelace Building,
Bristol BS8 1TW, UK.

This manuscript is for review purposes only.



43

S S e L N
= O © 0 = O Ut

w N

(G0N, B, e, B NG
N O Ot

ot Ot
o

o ©

T W N =

-3

oo

b I S BN BTN B BTN S BN BN

85

2 P.C.C.R. PEREIRA, M. R. JEFFREY, AND D. D. NOVAES

studying small perturbations of oscillators, particularly using Melnikov methods (see
e.g. [?,?]). The quantity X then varies on the timescale ¢/e, making the perturbation
singular over non-vanishing intervals of time [0, ¢].

However, according to standard results of averaging theory [?], after change of
variables, we can write this for some [ € N as

(1.1) i =elgo(x, p) + TR (t, 1, €),

where the leading order of the perturbation is given as a regular autonomous pertur-
bation. Through a time rescaling this becomes & = gy(z, i) + eRy(t/c*, x, i1, €), so
that time-dependence enters only as a perturbation (albeit singular) of an otherwise
autonomous system. Here f,gs, and R, are differentiable functions we will specify
more completely later.

What happens when such a system undergoes a bifurcation has received relatively
little attention. In [?] it is shown that certain one-parameter bifurcations (a fold or a
Hopf) of & = eg1 (x, ) persist after being perturbed as above. Somewhat subtly, these
results actually prove the existence of branches of equilibria or cycles around their
bifurcation points, not of the bifurcations themselves, and moreover assume certain
forms of system that are not entirely general. In [?], it is shown in more detail that
a Hopf bifurcation in & = e‘gy(z, ) persists as a Neimark-Sacker bifurcation in the
time-T" map of the original non-autonomous differential system, creating invariant
tori.

Compared to bifurcations in averaging theory, the literature on other aspects
of time-dependent perturbations of autonomous systems is extensive. Such investi-
gations have been around since Poincaré’s study of systems of the form o = g(u) +
eh(u,t,e), from which are derived the origins of homoclinic tangles and chaos [?, ?, ?].
They remain novel today in multi-variable and multi-timescale problem, notably in
models of neuron bursting via mixed-mode oscillations, see e.g. [?]. A simpler example
is the singularly perturbed pendulum, i = —sin(u) + esin(t/e), e.g. [?].

Here we will show indeed that a broad class of bifurcations of the leading order
guiding system & = gy(z, ) (in any number of parameters) ‘persists’ when carried
over to the original time-dependent system. We will use an idea from [?, ?, ?] of
looking only at the catastrophe underlying any bifurcation, which considers only the
numbers of equilibria involved in a bifurcation (so-called K-equivalence), taking no
interest in topological equivalence classes. This provides an essential simplification
making it possible to prove classes of bifurcation that do or do not ‘persist’ under
averaging.

Our interest will particularly be in families whose guiding systems exhibit non-
hyperbolic equilibria that induce bifurcations, so that the rescaled form of 7?7 can be,
for instance, a simple fold point with a small singular time-dependent perturbation,
written as @ = x2 + h(t/e). A notable application of this is to seasonal differential
models, i.e., differential systems with time varying parameters. For example, consider
the family @ = u? + p depending on a parameter p. What happens if, in fact, p
undergoes small time fluctuations? We will show that the average value p, of p(t)
can play the role of a bifurcation parameter whose variation precipitates catastrophes
of periodic solutions.

We will also show that bifurcations that are not stable, except under restrictions
such as symmetries important in applications, may nevertheless form stable systems
under averaging. As an illustration, we will consider systems with transcritical and
pitchfork bifurcations, as those appear frequently in the literature. We will show how,
if one of these non-generic bifurcations appears in the guiding system, the addition
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AVERAGING THEORY AND CATASTROPHES 3

of a time-varying singular perturbation generically produces stable bifurcations of
periodic solutions in the averaged system.

The paper is arranged as follows: in 7?7, we present an overview of our main
results, written as a practical summary for the non-specialist in either averaging or
singularities and catastrophes. We add to this in 7?7 by illustrating applications to
some simple examples, and particularly to the physical application of systems with
time-varying parameters. The remainder of the paper contains the results presented
more formally: in ??, we introduce known concepts extracted from both singularity
theory and the averaging method that are needed to discuss and prove our results,
before proving our main results in 7?7, and collecting a few auxiliary results of a more
technical nature.

2. Overview of results. Consider a (k + 1)-parameter family of n-dimensional
systems in the form

N
X = ZaiFi(uX,u) + MRt X, )
i=1
for (¢, X,p,e) ERx D x X x (—&p,&0),

(2.1)

where D is an open, bounded neighbourhood of the origin in R™; ¥ is an open, bounded
neighbourhood of p, € R¥; g9 > 0; N € N*; and the functions F; and F are of class
C>®in R x D x ¥ x (—&q, €0), and T-periodic in the variable ¢ in R x D x ¥ x [, €.

We concern ourselves with T-periodic solutions of ??. Let X(¢,t0, Xo, 1, €) be
the solution of this system satisfying X (to, to, Xo, tt,€) = Xo. Suppose that the pa-
rameters (u,e) are fixed. To find T-periodic solutions, we will study the so-called
stroboscopic Poincaré map II, which is defined by

(2.2) (X0, p1,€) = X(T,0, Xo, 1, €).

Since all functions present in the system are T-periodic, a fixed point of the Poincaré
map corresponds to a T-periodic solution of 77.

If we allow the parameters to vary, different maps emerge, giving birth to a (k+1)-
parameter family of maps. In order to obtain a geometric picture of how the fixed
points of II change as the parameters (u,e) vary, we define the catastrophe surface
My of TI as the set of triples (X, i, €) such that TI(X, u,e) = X.

DEFINITION 2.1. The catastrophe surface My of the Poincaré map 11 is defined
by

(2.3) M = {(X,p,e) € D x X x (—e9,&0) : II(X, p,e) = X}

This definition is inspired by a similar concept appearing in Thom’s catastrophe theory
(see, for example, [?]). We remark that the term “surface” is used only for reasons
of custom, and does not imply that My is, globally or locally, a regular manifold in
D x ¥ x (—eg,e09). We will see in ?7? below that typically My is not a manifold for
the cases we will be treating.

In this paper, we provide results locally characterising the catastrophe surface of IT
near bifurcation points for determinate classes of systems of the form (??). Crucially,
the results show that the knowledge of an averaged form of the system - the so-called
guiding system - is, in many instances, sufficient to fully describe M. Essentially, we
can infer in those cases that only the averaged effect of the time-dependent terms of
(?7) alter the qualitative behaviour of T-periodic solutions.

This manuscript is for review purposes only.
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4 P.C.C.R. PEREIRA, M. R. JEFFREY, AND D. D. NOVAES

We will need to distinguish between variables, bifurcation parameters, and per-
turbation parameters, and to do this we use the notion of fibred maps summarized
in ?7. We then give a brief introduction to the method of averaging in ?7. These
set up the main result in ??, showing what we define as ‘persistence’ of catastrophes
under averaging, and this is then refined to describe [non]-persistence of [non]-stable

2.1. Fibred maps. Below we will be studying how the geometry of a catas-
trophe surface is preserved under changes of coordinates, but we will also need to
preserve the different roles variables versus bifurcation or perturbation parameters
(z, u, €, respectively).

Consider the simplest case n = k = 1 (one variable and one bifurcation parame-
ter), and compare the maps X + Iy (X, y,e) = X+ X2 —pand X ~ y(z, u,¢) = p?.
The catastrophe surfaces of those maps are, respectively, given by M; = {(X, u, ¢) :
X? = pu} and My := {(X,p,¢e) : p? = X}. It is thus clear that M, can be obtained
from M; from the rigid transformation of coordinates that rotates around the e-axis
by 90 degrees. Geometrically, thus, M; and My are essentially identical. However,
the different roles played by the coordinate X and the parameters p and e, mean that
IT; undergoes a fold bifurcation at =0 and any € € (—&g, ), while II5 has exactly
one fixed point X* = p? for any pair (u,e). Hence, even though M; and M, are
geometrically indistinguishable, the dynamics represented by them are certainly not
equivalent.

This happens because the ambient space of My is the product between the space of
coordinates and the space of parameters. Thus, if we want a tool that guarantees that
two systems are dynamically related by comparing their catastrophe surfaces, then
more than geometric properties alone, we also need the difference between parameters
and coordinates to be preserved. We do this using the concept of fibred maps.

DEFINITION 2.2. Let U C D x ¥ x (—&g,€0) be a neighbourhood of the origin. In
the context established in this paper, a map ® = (®1, Py, @3) : U — R® x RF x R is
said to be:

o weakly fibred if it is of the form ®(x, p,e) = (P1(x, p, ), P2, €), Ps(p, €));

o strongly fibred if it is of the form ®(x, u,e) = (P1(x, u, ), Po(p, €), P3(¢));

e weakly or strongly fibred to the m-th order at p € U if its m-jet at p is,
respectively, weakly or strongly fibred.

For instance, when considering M; and M, as above, it is clear that, even though
those surfaces are geometrically identical, no fibred diffeomorphism exists taking one
into the other. Compare this to the map X ~ I3(X,pu,e) = (X — p)?2 + X — p,
which still undergoes a fold bifurcation at y = 0, but has a catastrophe surface
M; = {(X,p,¢e) : (X — p)? = u}, which can be obtained by transforming M; via
the fibred diffeomorphism ®(X, u,e) = (X + p, u,€). This can be seen as a conse-
quence of the assertion that fibred diffeomorphisms, by ensuring the separation of
coordinates and parameters, preserve the dynamical aspects of the catastrophe sur-
face. This admittedly somewhat vague assertion is simply a more explicit statement of
ideas already present in the literature (see, for instance, the definitions of topological
equivalence of families in [?, ?]).

While weak fibration is sufficient to ensure the proper separation of coordinates
and parameters, strong fibration is needed for applications such as averaging, when
we need to distinguish between the perturbation parameter € and other parameters,
in particular here we will usually assume ¢ to be fixed, while studying the bifurcation
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AVERAGING THEORY AND CATASTROPHES 5

family arising from varying p.

Slightly altering the example we have already discussed, we consider the map
X 5 Ty (X, p,e) = (X —p+¢)?+ X — p+ e, which, for each fixed ¢, still has a fold as
we vary ju. Its catastrophe surface My = {(X, p,e) : (X —pu+¢)? = p—e} is equal to
the image of M; via the strongly fibred diffeomorphism ®(X, u,e) = (X +p, u+e¢, ).

It is easy to verify that the composition of two fibred maps is still fibred. It
also holds that the inverse of a fibred diffeomorphism is itself fibred. These observa-
tions culminate in the following important result concerning the germs of fibred local
diffeomorphisms, the proof of which can be found in ?7.

PROPOSITION 2.3. The class of germs of weakly fibred local diffeomorphisms near
the origin is a group with respect to composition of germs, and so is the class of germs
of strongly fibred local diffeomorphisms near the origin.

The concept of germs of local diffeomorphisms is introduced with more detail in 77?.

2.2. Averaging method and guiding system. The averaging method allows
us to simplify 7?7 by transforming it into a system that does not depend on time up to
the N-th order of e. More precisely, we are supplied with a smooth T-periodic change
of variables X — x(t, X, u, €) transforming ?? into

N
(2.4) &= Zaigi(x,,u) + NN (t, 2,y €),

i=1

where 7y is T-periodic in T and each of the functions on the right-hand side are
smooth. The periodicity of this change of variables allows us to conclude that T-
periodic solutions of 7?7 correspond one-to-one with T-periodic solutions of 77.
Further details about the transformation taking ?? into 7?7 will be provided in 77
(in particular, ??), here we give just a brief overview of which elements of 77 will be
used to deduce general properties of the catastrophe surface.
We obtain g; by

1 T
(2'5) 91(257#) = T/ Fl(t7'r7ﬂ)dt7
0

the average of Fy over t € [0,T]. If g; does not vanish identically, then £ = 1 and
we are done. However, if g1 = 0, we proceed similarly, defining go to be the average
of an expression involving the functions F; and F» over ¢t € [0,7]. Once again, we
have to check whether go = 0. If not, / = 2 and we are done, otherwise we have to
continue in the same fashion. We do so until we reach the first gy that does not vanish
identically. The expressions used to calculate the functions g; and other details about
the transformation of variables taking 7?7 into 7?7 will be provided in ?7.

Note that the change of variables provided by the averaging method is the identity
for t = 0, so that My can be identified with the catastrophe surface of the stroboscopic
Poincaré map of ??7. Henceforth, we will always take into account this identification,
since as a rule we will be analysing 77 instead of 77 directly.

Assume that at least one of the elements of {g1,...,gn_1} is non-zero and let
¢ e {1,...,N—1} be the first positive integer for which g, does not vanish identically.
Then, 7?7 can be rewritten as

(2.6) i = goa, 1) + £ otz ),

This manuscript is for review purposes only.
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6 P.C.C.R. PEREIRA, M. R. JEFFREY, AND D. D. NOVAES

where

N—{—1

(27) Rg(t,x,,u,s) = Z ejgj+€+1(xnu)+5N+1TN(t7x7Ma€)'
=0

The system & = gy(x, u), obtained by truncating ?? at the ¢-th order of € and rescaling
time, is called the guiding system of ?7. Our aim will be to infer properties of My
from the singularity type appearing in the guiding system.

2.3. Statement of the main result. A celebrated result of the averaging
method is that, if the guiding system has a simple equilibrium, then ??7 has a T-
periodic orbit for small € (see [?]). Complementarily, our main result concerns the
case when

(2.8) &= ge(x, 1)

has a singular equilibrium point at the origin for x equal to a critical value p.. Without
loss of generality, we assume that p, = 0, that is,

(H1) g¢(0,0) = 0;

(H2) det (%(0,0)) ~0.

In that case, we can state the following general result, which assumes that the
family go(x, 1) containing the singular equilibrium is K-universal, that is, “stable” in
the sense of contact or K-equivalence. More details about this concept, which is very
useful in singularity theory (see, for instance, [?, ?, ?]), will be given in ??

THEOREM 2.4. Let & = g¢(x, ) be the guiding system associated with 77, and
assume that the vector field x — go(x,0) has a singular equilibrium at the origin, i.e.,
?7?7? hold. If the germ of x — g¢(x,0) at x = 0 has finite codimension and the k-
parameter family (x, p) — ge(x, p) is a K-universal unfolding of this germ, then there
are neighbourhoods U,V C R™*+1 of the origin and a strongly fibred diffeomorphism
®: U — V such that ®(x,0,0) = (2,0,0), and the catastrophe surface M of the
family of Poincaré maps (x, u, ) satisfies

(29) MHQVZQ((ZW XR)QU)UVE:(),

where Zy, = {(x, ) € R go(z, 1) = 0} and Voo := {(X,p1,0) € V}. Addition-
ally, the set Zgy, x {0} is invariant under ®.

Observe that the set Z,, x R appearing in the theorem is the catastrophe surface of
the Poincaré map of the extended guiding system & = g(z, ), £ = 1. Hence, the
theorem says that My consists in the union of two sets: a trivial part corresponding
to € = 0, since every point is a fixed point of II in that case; and a non-trivial part
that is, near the origin, the image under a strongly fibred diffeomorphism of the
catastrophe surface of the extended guiding system. An illustration is given in ?? for
a fold catastrophe.

2.4. Persistence of bifurcation diagrams for stable families. A specially
illustrative way to look at 77 is as ensuring ‘persistence’ of the well-known bifurcation
diagrams of fixed points for K-universal (also known as stable) families.

For a general family of vector-fields & = F(x,n), the bifurcation diagram of equi-
libria is the subset of the coordinate-parameter space defined by {(z,n) : F(x,n) = 0}.
Analogously, for a general family of maps (x,7n) — P(x,n), the bifurcation diagram
of fixed points is {(z,n) : P(z,n) = z}.

This manuscript is for review purposes only.
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-~ 8:0

Ve=0

FIG. 1. The catastrophe surface Z,, of the guiding system (left, suspended through € € R), and
the catastrophe surface My of the time-dependent system (right). My is the image of Z,, under the
diffeomorphism @, and Z,;, x {0} is invariant under &.

In the averaging method, the guiding system can be seen as the first non-trivial
approximation of a system. It is thus desirable to determine to which degree this
approximation allows us to extrapolate qualitative properties to the original system.

In the case treated in this paper, the guiding system is actually a family of vector
fields undergoing some local bifurcation. The original system ?7?, however, has one
extra perturbative parameter ¢ and is non-autonomous, so that the manner of com-
parison of its qualitative properties with those of the guiding system is not obvious.

To make this comparison possible, we fix € # 0 small and compare the bifurcation
diagrams of & = ge(z,p) and (x,p) — I(x, u,e), that is, we see the parameter
as a perturbation of the bifurcation diagram of the guiding system. We can then
reinterpret 77 as stating that, for /C-universal families, the bifurcation diagrams of
fixed points of the perturbed maps are actually O(g) perturbations of the bifurcation
diagram of equilibria of the guiding system, as follows.

THEOREM 2.5. Under the hypotheses of 77, the bifurcation diagram Dy o = {(x, i) €jj

D x % : go(z, ;) = 0} is locally a smooth manifold of codimension k near the origin.
For e # 0 sufficiently small, the perturbed bifurcation diagrams D, := {(z,pu) € DX :
II(z, p,e) = x} are also smooth manifolds of codimension k near the origin, which are
O(e)-close to Dyyp.

This will be proven in 7?7, and can essentially be stated as persistence of the
bifurcation diagram from the guiding system ?7? to the full e-perturbed system ?7 for
small values of €. The statement of the result in terms of persistence of qualitative
properties of the guiding system is intended to mirror a selection of results in the area
(see [?, Chapter 6] and, more recently, [?, ?].

2.5. Stabilisation of non-stable families. For non-stable families the bifur-
cation diagrams will not typically persist, as we show below for the transcritical and
pitchfork bifurcations, which instead form a pair of folds and a cusp, respectively.
The analysis of those two families is only meant to illustrate how the method can still
be applied (not directly and with due caution) if a non-versal bifurcation appears in
the guiding system, by ‘embedding’ this bifurcation into a larger versal family.

The specific choice of the transcritical and the pitchfork is motivated by the fact
that they are one-parameter families that appear often in the literaturered, due to
their natural connection with symmetries or other constraints of the system. For in-
stance, the pitchfork bifurcation is versal in the context of germs having Z,-symmetry,
whereas the transcritical is versal if germs are required to have 0 as an equilibrium
point (for more details, see [?, Chapter 23]). The stabilisation process explained in
this section can thus be seen as the effect time-periodic perturbations have in breaking

This manuscript is for review purposes only.
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symmetries - or, more generally, removing constraints - of the model.
2.5.1. Transcritical.

THEOREM 2.6. Let n = 1 and suppose that the guiding system & = g¢(x, 1) un-
dergoes a transcritical bifurcation at the origin for p = 0. If

(2.10) 9e+1(0,0) # 0,

then there are neighbourhoods U,V C R of the origin and a strongly fibred diffeo-
morphism ® : U — V such that the catastrophe surface My of the family of Poincaré
maps I(x, u,e) satisfies

(2.11) MunV =2 {(y,0,n) ERxRxR:n=y>—6°}NU) U Ve,

where Ve—g := {(X, 1,0) € U}. Additionally, ®(0,0,0) = (0,0,0),

(2.12) sien (@4(0)) =sign ( 524(0.0)) -sign (1:1(0.0).
and
(2.13) (Zg, x {0 NV =2 ({(y,0,0) ERxRxR:y>—6*=0}NU).

2.5.2. Pitchfork.

THEOREM 2.7. Let n = 1 and suppose that the guiding system & = g¢(x, 1) un-
dergoes a pitchfork bifurcation at the origin for p = 0. If

(2.14) 9e+1(0,0) # 0,

then there are neighbourhoods U,V C R+ of the origin and a weakly fibred diffeo-
morphism ® : U — V such that the catastrophe surface My of the family of Poincaré
maps I(x, u,e) satisfies

(2.15) MunV == {(y,0,n) ERxRxR:y°+yf+n=0}NU)U Ve,

where Voo := {(X,p,0) € U}. Additionally, ®(0,0,0) = (0,0,0), and @ is strongly
fibred to the first order at the origin.

We will illustrate these results with examples in 77.

2.6. A discussion of topological equivalence. In studying bifurcations of dy-
namical systems, it is common to work with topological equivalence classes. As noted
in [?], this is practically restrictive, and we will instead work only with the bifurca-
tions of numbers of equilibria, better termed catastrophes as they ignore topological
properties of the dynamics, also referred to underlying catastrophes in [?].

Generally speaking, the catastrophe surface alone does not determine the topo-
logical class of the Poincaré map: there are potentially multiple topological classes
with the same catastrophe surface. However, knowing the catastrophe surface reduces
the number of possibilities for the topological types of the map, and we can see it as
one of the elements constituting a general topological description.

Let us briefly explore this distinction by presenting the saddle-node case in one
dimension, for which the catastrophe surface allows us to very easily infer topological
conjugacy, and also exhibiting an interesting counter-example for planar vector fields.

This manuscript is for review purposes only.
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AVERAGING THEORY AND CATASTROPHES 9

2.6.1. The saddle-node in one-dimension. In the case of well-studied one-
dimensional stable bifurcations, we can assert the topological conjugacy class of II.
by combining the method exposed in this paper with known genericity conditions en-
suring topological conjugacy to the normal form for the bifurcation (see [?, Theorems
4.1 and 4.2]).

THEOREM 2.8. Letn =1 and suppose that the guiding system & = gy(x, 1) under-
goes a saddle-node bifurcation at (0,0), that is, assume that the following conditions
hold:

(F1) %zlj(o,o) #0;
(F2) 5%(0,0) #0.
Then, there are €1 € (0,g9), and smooth functions x* : (—e1,e1) — D and p* :
(—e1,€1) = X such that:
(1) (£7(0), n*(0)) = (0,0).
(i1) For each € € (—e1,e1) \ {0} fized, the family of stroboscopic Poincaré maps
(x, 1) — I(x, p, €) is locally topologically conjugate near (x* (), *(g)) to one
of two possible normal forms: (y, B) — (B—u*(e))+(y—x*(e)) £ (y—x*(¢))?.
In other words, the family of (z,u) — I(x,pu,e) is, up to translation of
coordinates, locally topologically conjugate to one of the two topological normal
forms for the saddle-node bifurcation for maps: (y,3) — B+ 1y + y>.

The proof of this theorem is located in ??7. An analogous result can be obtained
for the cusp bifurcation, by considering the conditions available in [?, Theorem 9.1].

2.6.2. The saddle-focus in two-dimensions. We looked at systems with
saddle-node bifurcations in ??. The saddle-node is well known to be a generic
one parameter bifurcation under topological equivalence, with normal form given by
(1,82, .., 0n) = (2 + p, @2,...,20).

However, the collision between a saddle and a focus, which we will refer to as a
saddle-focus, is not a generic one parameter bifurcation, but an example one parameter
family is obtained if we interchange two entries on the right-hand side of the normal
form family of the saddle-node: (&1, da,...,&,) = (;132, 234, q:n)

A generic family with a saddle-focus is found, for example, in the well studied
Bogdanov-Takens bifurcation (see [?], [?], or [?])

(2.16) (41, 42) = (T2, 27 £ 2122 + pox] + 1) |

requiring not a single parameter u; to unfold it, but also ps to control the local ap-
pearance of limit cycles and homoclinic connections (hence we have p = (p1, 2)).
The singular germ corresponding to this family, obtained for zero values of the pa-
rameters, is (i1,492) = (w9, 2% + 2172), and the two parameters appearing in the
Bogdanov-Takens bifurcation ensure that this germ is of codimension 2 when consid-
ering topological equivalence.

However, it is interesting to notice that, if regarded as the germ of a plane map,
the germ of (z1,x2) — (72, 2% + x122) is actually K-equivalent to (z1,x2) — (z2,27),
which is itself equivalent to the saddle-node germ (z1, x2) — (22, z2). Essentially, this
means that, with respect to the unfolding of zeroes of those map germs, i.e., equilibria
of the corresponding vector fields, all three germs behave identically. Naturally, this
observation does not allow us to obtain a complete description of the phase portrait
of a family, as they are topologically different, but certain properties — namely the
numbers of equilibria and hence the catastrophe surface — can still be fully understood.

This manuscript is for review purposes only.
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In particular, we can describe the unfolding of equilibria of the germ of the vector
field (i1,42) = (w2,22), for which a complete unfolding with respect to topological
equivalence is not known, and probably not even possible, hence the alternative germs
unfolded in the Bogdanov-Takens bifurcation [?, ?], versus the Dumortier-Roussarie-
Sotomayor bifurcation [?].

The latter of these provides a different generic family with a saddle-focus config-
uration,

(2.17) (1, 82) = (w2, 27 + 1 + z2(p2 + pazy +23)) .

Like the Bogdanov-Takens bifurcation, this family requires not just the parameter py
to unfold it, but in this case two other parameters, ps and ps. The singular germ
of this family is (i1,42) = (z2,2% + 2322). We will use this example to illustrate
persistence of the catastrophe, irrespective of topological equivalence, in 77.

3. The theory in practice: time-periodic coefficients. Before setting out
the theory from 77 in detail, let us show how it works in practice on a few examples.
For these we take the interesting applied problem of a system whose parameters are
not exactly fixed, but vary slightly over time. To apply averaging we will assume that
variation is periodic, for instance a physiological model in which some hormones have
a small circadian perturbation, or a climate model where temperature has a small
daily fluctuation.

The examples we treat here are intentionally simple, thus could be studied with
other methods not relying on the averaging method - in particular, time-periodicity is
not essential. However, they are meant only to illustrate the general results obtained
in this paper, hence the choice for simple settings.

3.1. Example: persistence of fold catastrophe. Consider a system Y =Y2,
perturbed by a parameter of order €2 and with a T-periodic fluctuation,

(3.1) Y =Y24E2f(t).
For € # 0, the change of variables Y = ¢X transforms this into
(3.2) X =¢(X2+ f(t),

which is a family of systems in the standard form ?7.
If we define the average of f(t) as

(3.3) . % /0 F(t)dt

and the oscillating part of f to be f(t) = f(t) — u, we have

(3.4) X:s(X2+u+f(t)>,

where the average of f over [0,T] is zero. Accordingly, the stroboscopic Poincaré map
of 7?7 will be denoted by II and its catastrophe surface by M.

Applying the transformation of variables given by the averaging theorem to obtain
a system of the form ??, this family becomes

(3.5) i =e(a® +p) + 2R (t, 2, p, €).

This manuscript is for review purposes only.
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AVERAGING THEORY AND CATASTROPHES 11

It is then clear that the guiding system & = 22 + u undergoes a fold bifurcation for
i = 0, red which corresponds to a K-universal unfolding of the singular germ z2.
To illustrate the verification of KC-universality of an unfolding, we apply the criterion
presented in ??. There is only one parameter in the unfolding F(z,u) = 2% + u of

f(x) = 22, and the set of germs

o (] ]} -

is clearly linearly independent in &. Moreover, the extended K-tangent space of [f]
is

Ticof = {la] - [X]+ [M] - [2%] : [X] € XV, [M] € MY} = {[o] - [X] : [X] € &1}
Hence, it follows from Hadamard’s Lemma (for a statement, see [?, Section 3.2]) that
T)C,Ef ®&D= 817

so that, by 77, it follows that [F'] corresponds to a K-universal unfolding of the singular
germ [f].

Therefore, 77 ensures that My locally has the form of a fold surface near the
origin. Consequently, for each small fixed e # 0, a fold-like emergence (or collision) of
fixed points of  +— II(z, u, ) occurs near 0 as p traverses a neighbourhood of zero.
The value of p for which this occurs is given by a continuous function p*(e) satisfying
p*(0) =0.

As an example, let f(t) = p + sin(t), so

(3.6) X = (X% + p+sin(t)).

While we cannot solve this exactly, it is instructive to look at its perturbative solution
for small €, which is X (t, Xo, p,€) ~ x4(t, Xo, p,€) + (1 — cost) + 2Xoe?(t — sint) +
O(£%), where z,, is the solution of the non-oscillatory problem & = £(z%+u). Averaging
this system amounts to removing the order € oscillatory term by making a change of
variables X = x — ecost. In the method set out in ??, we have f(t) = sin(¢) and
Ri(t,xz, p,e) = —2x cos(t), giving the averaged system

(3.7 i =e(x? + pu) — 2622 cos(t),
whose solutions satisfy x(t, o, 1, €) ~ x4(t, 2o, pt €) — 2z0e? sint + O(e3), where the

oscillation has moved to higher order. The guiding system i = &(22+ ) can be solved
exactly, and its solutions are

Zo
24(t, xo, p, €) = /—ptanh (a/—ut + arctanh < ))
e N

~ xg + (22 4 p)et 4 (22 + p)zoet? + O(e3).

(3.8)

These different solutions are illustrated in 7?7, and we see the consequence of the
results proven above, that for p < 0 the solutions of the exact and averaged systems
all tend towards oscillation around the fixed points of the guiding system, but as p
moves to positive values a fold occurs and the fixed points vanish.

This manuscript is for review purposes only.
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gy, ' X
unstable E E
E . zzzeze original
' ' u — averaged
; : «nuuns guiding
stable fixed pt.

backl\.Nard.

200 > 1

F1a. 2. Solutions of the system 77 exhibiting a fold, with ¢ = £0.5 and € = 0.4. The upper picture
shows the Poincaré map of the original system (red/orange points), converging in forward/backward time
to the fixed points of the guiding system (black curves). For two values of p we plot the solutions below.
For i < p*(0.5), the exact solutions (red dotted curves) and averaged solutions (blue curves) oscillate
around the guiding solutions (black dotted curves), all converging in forward/backward time onto the
stable/unstable fixed points (black lines). For x> ©*(0.5) there are no fixed points and the solutions
diverge. (For the exact solution we plot the variable z = X + e cost).

3.2. Example: non-persistence of the transcritical bifurcation. Consider
the following differential system, with two time-dependent coefficients at different
orders of g,

(3.9) Y =Y24efi(t)Y +2f5(0).

We assume f; and fs to be T-periodic. The change of variables Y = X for € # 0
yields

(3.10) X =e(X?+ fi(t)X +efa(t)).

Define the averages of f; and fy as

T T
(3.11) . %/O Ld e %/O F(t)dt,

and the oscillating part of f as f1(t) := f1(t) — p. The system can then be rewritten
as

(3.12) X =eX? +epuX +efi(t) X + 2 fo(t).
This is now in the form ?? with N = 1, Fi(t,X,pn) = X% + puX + f1(t)X, and

F (t, X, p,e) = fa(t). We then apply the change of variables given by the averaging
theorem, that is, X = x — e(x + £ cost) cost, obtaining
PREECIUTIE) B
B(t,e)
G(t,x,e) = 2?B%(t,e) + (u + fr(t))zB(t,e) + e fa(t) — zAY(t) ,

B(t,e) =1+¢cAi(t) .

(3.13)
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AVERAGING THEORY AND CATASTROPHES 13

and Ay (t) is such that A}(t) = fi(t). Expanding in powers of &, we obtain the
averaged system

(3.14) &= e(a? + pa) + €2 (A1 (t) + 2 A1 () AL() + fo(t)) + O(D).

It follows that the guiding system is & = g (, ) = 2 4+ pa and the remainder term
is Ry(t,z,p,e) = 22 A1 (t) + 2 A1 (¢) AL (t) + f2(t) + O(e). Thus,

(3.15) 92(0,0) = /0 " Ry(£.0.0,0)ds = /O = e

If ¢ # 0, the system satisfies the hypotheses of 7?7, and the perturbation causes the
described stabilisation of the catastrophe surface.

For illustration, let f1(t) = p+sin(t) and fo(t) = c+sin(2t), so we are studying the
system X = (X2 + Xp 4 Xsin(t)) + e2(c + 2sin(2t)). Then f,(t) = sin(t), A;(t) =
—cos(t), and Ry(t,z,u,e) = (¢ — (2 + x)sin(t) cos(t) — z? cos(t)). The averaging
theorem yields the system & = (2% + ux) + €2(c — (2 + x) sin(t) cos(t) — 2% cos(t)).

Unlike stable families, the catastrophe surface of the perturbed system will not lie
close to (be a diffeomorphism of) that of the guiding system’s transcritical geometry.
We can examine how the catastrophe surface unfolds with ¢ by taking the second
order averaging system. We plot the zeros of this as an illustration of the catastrophe
surface in 77, which approximates My — V.—q for small ¢, and coincides with it at
€ = 0. Only at € = 0 does the transcritical appear, though strictly with null stability
since the full system is & = ex(2? + ) + O(e?). The stability of equilibria shown on
the right of Figure 3 is not given by studying the catastrophe surface, but comes from
simulations (or can be verified by further stability analysis).

FIG. 3. The surface of fixed points 22 4 ux 4 ec = 0 plotted for ¢ = 1 in (z, i1, €) space (with z.
denoting the fixed-point value of ). The transcritical bifurcation at € = 0 degenerates into a pair of fold
bifurcations for € > 0 and two stable families of fixed points for ¢ < 0. Sections of the surface at different
€ give the bifurcation diagrams with varying p (stable/unstable branches indicated by full/dotted curves).

7?7 shows simulations of Poincaré maps of the original system, which are a small
perturbation of the bifurcation curves of the second order averaged system i = e(x? +
ux) + 2, corresponding to the sections shown in ?7.

Lastly, 7?7 shows solutions for different values of p and e, showing the solutions
converging onto a pair of fixed points, except for parameters values that lie between
the two folds at which no fixed points exist, so solutions diverge.

3.3. Example: non-persistence of the pitchfork. Similar to the example
for the transcritical, consider a system with two T-periodic parameters at different
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X X Xx
T pa! M
&<0 &>0 &>0
c=1 c=0 c=1

F1G. 4. Solutions of the perturbed transcritical system. The Poincaré map of z(t) mod (¢,2m),
showing exact solutions converging in forward time (red) and backward time (orange) onto the stable
and unstable fixed points (black curves), respectively, from initial conditions close to the fixed points if
they exist, or close to the origin otherwise. The parameters used are: left ¢ = —0.02,¢ = 1, middle
€ =0.02,c =0, right e = 0.02,c = 1. For € < 0 there are always two fixed points. For ¢ > 0 and ¢ # 0

there are two fixed points only for |u| > pgo1q, so between the folds the solutions diverge.

x(9)
0.4

0.2

&>0, u<-fold

backward

forward

s OriginAl

averaged

20 30 t

£>0, |u|<ptold

&>0, pu>+pifold

L]
forward '
<.

backward

snanas guiding
fixed pt.

backward

F1G. 5. Solutions of the perturbed transcritical system with ¢ = 0.1, for ¢ = 0.3 (top row) and
u = —0.3 (bottom row), with values p = —0.5,0,0.5, (from left to right). The original solutions (red
curves) and averaged solutions (blue curves) oscillate around the guiding solutions (black dotted curves),
converging in forward/backward time onto the stable/unstable fixed points (blue curves) if they exist.
For € > 0 there are two fixed points only for || > pgo1d, so in the middle picture the solutions diverge.
For ¢ < 0 there are always two fixed points.

orders of ¢, but this time take
(3.16) Y =Y3 4 2f ()Y +etfa(t).
The change of variables Y = € X for € # 0 yields

(3.17) X = (X*+ ()X +efa(t)).

If 1 denotes the average over [0, 7] of f1 and fi(t) := f1(t) — p, we obtain

(3.18) X=¢ (X3 + X + fl(t)X) + 3 (t).

This system is in the standard form with N = 2, Fi(t,X,u) = 0, Fa(t,X,pu) =
X2+ pX + fi(t)X, and F(t,z,u,¢) = fo(t).

This manuscript is for review purposes only.
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AVERAGING THEORY AND CATASTROPHES 15

We can then apply the change of variables given by the averaging theorem. Let
A1 (t) be such that Aj(t) = f1(t). We perform the change of variables given by
X =z +exA;(t), obtaining

(3.19) i =e*(z® + px) + & (fo(t) — Ai(t) (pz +2%)) + O(e?).

Following the naming convention of the averaging method, we have the guiding system
i = go(w,p) = 2® + px and Ro(t,z,p,8) = fo(t) — A1(t) (px + 23) + O(e). Thus,
assuming that the average of f2 over [0,7] does not vanish, it follows that

T T
(3.20) 45(0,0) = /O Ro(r,0,0,0)dr — /O Folr)dr £ 0.

We are therefore within the domain of application of ?7.

For illustration, let fi(t) = p + sin(t) and f2(t) = ¢ + sin(2t), so we are studying
the system X = £2(X? + puX + sin(t)X) + €3(c + 2sin(2t)). Then f,(t) = sin(t), and
Ri(t,x,pu,e) = (c — (2 + x)sin(t) cos(t) — 223 cos(t)), hence the averaging theorem
yields the system i = e(23 4+ pz) + £2(c — (2 + ) sin(t) cos(t) — 223 cos(t)).

77 illustrates the cusp catastrophe surface formed by the fixed points in (z, , €)
space, approximating My — U.—g. For € # 0 the bifurcation diagram, instead of
a pitchfork, exhibits a branch of persistent equilibria and a fold. Only at ¢ = 0
does the pitchfork appear, though strictly with null stability since the full system is
i = e(a® + pz) + O(e?).

cusp

c>0 .
4_)
e L]

X

\
fold /ﬁ ;

F1G. 6. A cusp bifurcation appearing for ¢ = 1. The fixed points are plotted in (z, i1, €) space (with
z+ denoting the fixed point value of x). Sections of this at different € give the bifurcation diagrams with
varying u, showing a fold and a persistent fixed point for £ # 0 (stable/unstable branches indicated by
full /dotted curves).

3.4. A counter-example to topological equivalence: the saddle-focus.
Let us consider the two-dimensional family

(3.21) (d1,d2) = € (22, 27 + p+sin(t)) + & (0,22(co + 11 +23)) .

If we omit the time-dependent term esin(¢), this takes the form of the saddle-focus
bifurcation of Dumortier-Roussarie-Sotomayor, given in ??. For the averaged system
we obtain

(3.22) (1,42) = € (v2, p+ 27) + €2 (—cos(t), za(co + crz1 + 23)) + O(?).

This manuscript is for review purposes only.
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The guiding system (i1,42) = € (22, p+ x7) is structurally unstable.

The purpose of this example is to show that we do not need structural stability in
the guiding system, or topological equivalence to the form of bifurcation we derive, to
apply our main theorem. Of course, we should not expect a full topological description
of the map, as discussed in ?77.

77 illustrates solutions of the exact e-perturbed system, and the averaged system,
for 4 = —0.2, for which the guiding system has a saddle and a focus (for g > 0 the
guiding system has no equilibria, and correspondingly all solutions of the averaged and
perturbed systems diverge). The bottom row shows system where the guiding system
has, for different ¢; and ¢y values from left to right: a stable equilibrium, a centre, a
stable limit cycle, respectively, corresponding in the full system to a stable periodic
orbit, a family of invariant tori (whether these are hyperbolic when the guiding system
is perturbed would require more in-depth analysis), and a stable invariant torus.

A magnification of the first case from 77 is shown in ?? to more closely reveal the
comparison between the fast oscillations of the exact system, and the slow oscillations
of the averaged system.

€=0.05, ¢o=2, ¢1=0 €=0.01, ¢p=2, ¢;=0 £=0.001, ¢p=2, ¢1=0
. xz_(t)
— _ T 2 ’

x1(t)15

8=0.05, co=-1, c1=0

8=0.05, co=-1, c1=-3.5
x2(f)

F1c. 7. Solutions of the system exhibiting a saddle-focus. Initial conditions (z1,z2) = (0.1,0). In
all cases we take p = —0.2 (as p > 0 merely gives diverging solutions). Other parameters are given
in the figure. Forward-time solutions shown only, showing the exact solutions for z1/z2, components in
blue/green, and averaged system z1/x2, in dotted red/orange. The top row shows systems with unstable
equilibria for ¢cg = 2, ¢1 = 0, and different e values. The bottom row shows system where the guiding
system has for different c1 and co values (from left to right): a stable equilibrium, a centre, a stable limit
cycle, respectively.

€=0.05, 14=-0.2, c;=2, c;=0

01 |——"= x1(?)

F1c. 8. Zoom in on a case of 7?7, showing the difference between exact and averaged solution.
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4. Preliminaries. In this section, we introduce the basic framework necessary
to prove in ?? the theorems from ??7. The reason for this introduction is twofold: it
should help the reader’s comprehension, avoiding long detours in multiple different
references; and it should also establish notation and nomenclature.

The material herein presented is already known, but we include proofs where the
steps and notation are essential to the ensuing analysis.

4.1. The Poincaré map and the displacement function of order ¢. The
use of displacement functions to study Poincaré maps has numerous examples in the
literature (see, for instance, [?, 7, 7, ?]). It reduces the problem of finding fixed points
of a Poincaré map II to searching for zeroes of a displacement function A. Recall that
here our interest is in singular zeroes of the guiding system at the origin for pu = 0,
that is, satisfying the conditions 7?77 at the start of 77.

If z(t, 20, p,€) denotes the solution of ?? satisfying (0, zg, u, ) = xg, then the
family of stroboscopic Poincaré maps II is given by II(zg, u, ) := (T, zo, ,€). The
fact that this map is well-defined at least locally is guaranteed by the following result.

LEMMA 4.1. Let p € D be given. There are a neighbourhood U, of p, a compact
K C ¥ containing the origin, and epr > 0 such that, for each (xo, p,€) € U, X K X
[—en, e, the solution t — x(t,xg, pu,e) of 77 is well-defined for t € [0,T]. It is also
smooth in (xg, p,€) in that domain.

Proof. Let G(t,z,u,e) = Zf\; e 1gi(z) + eNrn(t,z, pu,€), so that ?? can be
written & = eG(t,z, u, ). Choose § > 0 such that the open ball B,,(2J) centered at p
is contained in D, and let K C ¥ be a compact set containing the origin. Periodicity
in time guarantees that M := sup{||G(¢,z, u, )| : (¢, 2, p,6) € R x By(2§) x K x
[—5, 2]} is finite. Finally, choose £j; := min {%‘), 27§M .

Fix values of the parameters p € K and ¢ € [—ep, epm] and set U, := B,(d). By
the Picard-Lindelof Theorem, the solution t — x (¢, xo, i, €) of ?? with initial condition
xo € By(0) is defined on a maximum interval of existence I = (w™ (zo),w™ (20)) C R,
with w™ (z0) < 0 and w(zg) > 0. It is sufficient for us to prove that w*(zg) > T.

By contradiction, assume that w(zg) < T. This can only be if z(t,zq, i, €)
leaves B, (26) at some ¢, € (0,T], otherwise the solution would be well-defined by the
Picard-Lindel6f Theorem. However, since x(t,xo, i, €) is a solution of ??, it follows

that

<euTM <

ty 5
(41 loltessone) ool < | [ cGato) 0.2t 2
0

Therefore, considering that xg € B,(d), it follows at once that x(t., o, i, €) € Bp(29),
which contradicts the definition of t,. Smoothness follows from regularity of solutions
of smooth differential equations with respect to initial conditions and parameters (see
[?, Chapter V], for instance). |

We then introduce the displacement function A, given by
A(zo, p,€) = (2o, 1, €) — 2o
=gt /OT ge(x (1,20, 1ty &), 1) + eRe (T, 2 (T, 00, 1, €), 1, €)d.
It is clear from 7?7 that A is locally smooth near any point in D, and that zeroes of A

correspond to fixed points of II, which correspond to T-periodic solutions of 7?7 and,
consequently, ?7. Since our interest lies essentially on the case € # 0, let us dispose
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of the £ term in the displacement function and define Ay : D x ¥ x (—e0,60) = R"
by

T
(42) Az(iL‘o, Hy 6) = / gZ(‘x(’rv Zo, K, 5)) /U') + ERE(’ra x(Tv Zo, K, 5)a Hy 5)d7—'
0

Throughout this paper, we will call Ay the displacement function of order £. Once
again, it follows from ?7 that A, must be smooth near any chosen singular point in
the domain for values of the parameters close to zero. The key step in our analysis
is noticing that ?? guarantees that A, provides an unfolding of the germ of the map
x + Tge(x,0). The notions of unfolding and germ will be summarized in ?7.

Observe that, by definition,

(43) H(Z’o,/l,,é?) = To +5£A£(m0,/~"75)'

This identity is essential to our analysis as it relates the II Poincaré map and the
displacement function A, of order £. More precisely, it is easy to establish from 77
that My can be identified with the set Za, U {(z,,0) : (z, ) € D x L}, where Za,
is the set of zeroes of Ay. The study of My can then be performed by analysing the
zeroes of the displacement function of order £.

4.1.1. Fixed points and zeroes. When referring to and classifying zeroes of
families of functions, we use the following definition.

DEFINITION 4.2. Let U be an open subset of R™, n € N, and V' an open subset of
RE, k€N, and F: U x V — R™ be any family of functions. We define

(a) the zero set of F by Zp = {(x,n) € U x V : F(x,n) = 0};

(b) the function F,, : U — R™, where n € V, by F,(z) = F(z,n);

(c) the zero set of F,y, where n €V, by Zp(n) ={x € U : F(z,n) = 0}.
Elements of Zr and Zp(n) are called, respectively, zeroes of F' and zeroes of Fy,.

We can then connect fixed points of II with zeroes of Ay, as well as expressing My
with the help of the set of zeroes of Ay. The proofs of these follow directly from ?7.

PROPOSITION 4.3. Let p € ¥ and € € (—¢eg,e0) \ {0} be given. Then, x € D is a
fized point of x — Il(x, u, ) if, and only if, (x, u,€) is a zero of Ay.

COROLLARY 4.4. My = Za, U{(z,,0) : (z,u) € D x T}.

4.2. Germs and K-equivalence.

4.2.1. Germs. An important concept in singularity theory is that of germs.
Essentially, a germ of an object captures only its only local properties. It is usually
expressed as an equivalence class. We define that concept below, and set the notation
we will be adopting throughout the remainder of the paper.

For convenience, we assume without loss of generality that the point near which
our analysis is done will always be the origin, and we say that U € Ny(S) if U is an
open neighbourhood of the origin contained in the set S. The first two definitions
build the concept of germs of maps.

DEFINITION 4.5. Let n,p € N and U,U’ € Noy(R™). Two maps f : U — RP and
g : U — RP are said to be germ-equivalent at the origin if there is U" € No(UNU’)
such that fly» = glyr.
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DEFINITION 4.6. Let n,p € N and U € Ny(R™). The germ of a map f: U — RP
at the origin is the equivalence class [f] of f under germ-equivalence at the origin.
The set of germs of functions from R™ to R at the origin is denoted by E. If p =1,
we usually simplify the notation to simply &,

The set EF is a vector space over R with the naturally induced operations of sum of
functions and product of a function by a real number. &, is itself a ring with the
usual operations of sum and product of real-valued functions, and £ can be also seen
as the free module of rank p over &,, i.e, any [f] € EP can be seen as a p-sized vector
with entries in &, .

In singularity theory, it is usually useful to distinguish the special class of germs
of diffeomorphisms as follows.

DEFINITION 4.7. Let n € N. [¢] € ET is said to be the germ of a local diffeomor-
phism at the origin if there is one element ¢ in the class [¢] for which
1. ¢(0) = 0;
2. D¢(0) is invertible.
The set of germs of local diffeomorphisms at the origin on R™ is denoted by L.

Observe that L, is a group under the natural operation induced by composition.
Moreover, the group L, acts on 2 on the right by the operation induced naturally
by composition.

From now on, we adopt the notation [f] : (R™,0) — (RP,0) to mean that [f] € P
and that f(0) = 0. Equivalently, we may say that [f] € ZE. We proceed now to the
crucial concept of unfolding of a germ.

DEFINITION 4.8. A k-parameter unfolding of a germ [f] : (R™,0) — (RP,0) is a
germ [F] : (R™* 0) — (RPTF,0) such that
1. a representative F of [F] is of the form F(x,n) = (F(z,n),n);
2. F(z,0) = Fy(z) = f(z).
The set of k-parameter unfoldings is denoted by Zg’k. More specifically, the set of
k-parameter unfoldings of the identity in R™ is denoted by Ly, j.

Finally, we present some algebraic definitions that will be useful when defining
K-equivalence.

DEFINITION 4.9. GL,(E,) is the set of p x p matrices [M] with entries in £, and
for which det M(0) # 0.

Any [M] € GL,(&,,) acts on EP as matrix-vector multiplication with entries in &,.

4.2.2. K-equivalence. The concept of K-equivalence - also known as contact
equivalence (see [?, 7, ?]) or V-equivalence (see [?]) - is part of the standard theory
of singularities. We briefly introduce it here, confined to what is necessary to our
discussion. The interested reader is referred to the more thorough presentation in [?].

DEFINITION 4.10. Two germs [f],[g] € ZF are said to be K-equivalent if there
are [¢] € L,, and [M] € GL,(&,,) such that [f] = [M] - [g] o [¢].

The concept of K-equivalence can also be used to study families of maps, through
the ideas of K-induction and K-equivalent unfoldings, which are developed in the next
definitions.

DEFINITION 4.11. Two unfoldings [F],[G] € 2! of the same germ [f] € ZP

are said to be IC-isomorphic if, for any representatives F(x,n) = (F(x,n),n) and
G(z,m) = (G(x,n),n) of [F] and [G], respectively, there are a smooth function «,
defined on a neighbourhood U x V' of the origin in R™ x R¥ and satisfying a(x,0) = z,
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and a smooth matriz function Q, also defined on U x V' and satisfying Q(z,0) = I,
such that the identity

(44) F(x’ 77) = Q(%n) ’ G(a(xvn)777)

holds in U x V.
DEFINITION 4.12. Let [F] € 22, and [h] : (R¥,0) — (R',0). The pullback of [F]

by [h], denoted by [h])*[F], is the unfolding [P] € 2! . given by

(4.5) P(x,n) = (F(z, h(n)), n).

DEFINITION 4.13. The unfolding [F] € 2! , of the germ [f] € ZF is said to be K-
(

induced by the unfolding [G] € 20, of the same germ via [h] R* 0) — (R, 0) if the

unfoldings [F] and [h]*[G] are K-isomorphic. In other words, if F(z,n) = (F(x,1),7),
G(x,€) = (G(x,£),€), and h(n) are representatives of [F], [G], and [h], respectively,
there are neighbourhoods of the origin U C R", V. C R¥, and smooth functions o :
UxV = R" and Q : U x V — RP*P such that h(0) = 0, a(z,0) =z, Q(x,0) = I,

and

(4.6) F(x,n) = Q(x,n) - Gla(x,n), h(n))

for (x,n) e U x V.
DEFINITION 4.14. The unfolding [F] € 20 of the germ [f] € 2] is said to be

IC-equivalent to the unfolding [G] € 2, ;. of the same germ if there is [h] € Ly such

that the unfolding [F) is K-induced by [G)] via [h)].

4.2.3. Versality and codimension. One of the central concepts of singularity
theory is that of versality. In essence, an unfolding of a germ of a map is said to be
versal if it induces all other possible unfoldings of the same germ. This means that
all the possible unfoldings of that germ are codified in a versal unfolding, so that a
versal unfolding carries all the information needed to unfold a germ.

Naturally, different equivalence relations give rise to different notions of induction
and equivalence, and thus also different notions of versality. In this paper, we are
interested in K-versality, i.e, versality with respect to K-equivalence.

DEFINITION 4.15. The unfolding [F] € 2P of the germ [f] € 2P is said to be

K-versal, if any other unfolding [G] € Zf;k of [f] is K-induced by [F] via the germ
of some mapping [h].

The theory of singularities provides a number of results aimed at verifying -
versality, one of the its products being the important concept of codimension of a
germ. Below, we present those results and the concepts involved. With the exception
of 77, for which we provide a proof on account of its specificity, all other proofs are
well-known and can be found, for instance, in [?].

DEFINITION 4.16. Let X0 be the set of germs of n-dimensional vector fields at
the origin having zero as equilibrium and MS be the set of germs of matriz functions
R™ — RP*P qat the origin of R™. The extended K-tangent space of a germ [f] € ZP is
defined as the subspace of the vector field EY given by

(4.7) Tic.ef = A{[Df]- [X]+[M]-[f] : [X] € X, [M] € M}
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DEFINITION 4.17. The K-codimension of a germ [f] € ZE, denoted by the symbol
codimg ([f]), is the codimension in EE of the linear subspace T f, or, which is the
same,

(4.8) codimg ([f]) = dim (2 /Tk e f) -

Having defined codimension in the context of KC-equivalence, we proceed to stating
two fundamental results relating versality and codimension.

PROPOSITION 4.18. Two K-equivalent germs have the same K-codimension.
THEOREM 4.19. Let [f] € ZP be such that codim([f]) = d. The following hold:

L. An unfolding [F] € 2} ;. of [f] with a representative of the form

F(z,n, . me) = (F(z,m1, M%), M55 k)

is KC-versal if, and only if,

OF oF
R a = p
Ti.of + spang ([3771 ‘7]_0:| e, [ank 17_()]) &r.

2. There is [H] € 2} ; that is a K-versal unfolding of [f].
3. If[F],[G] € 2! . are K-versal unfoldings of [f], then they are K-equivalent.

The concept of codimension is extremely important in the context of this paper
because of its role defining the concept of -universality.

DEFINITION 4.20. Let [f] € ZP be such that codimy([f]) = d. A K-versal un-

folding [F] € Zf;’k of [f] is said to be IC-universal if k = d, that is, the number of

parameters of the unfolding [F is equal to the codimension of [f].

An important property of the codimension of a germ is established by 77. 77, on
the other hand, characterizes KC-universal unfoldings.

PROPOSITION 4.21. Let [f] € ZF be such that codimi ([f]) = d. Then, d is the
minimal number of parameters that an unfolding of [f] must have to be K-versal.

PROPOSITION 4.22. An unfolding [F] € Z . of [f] € Zuw is K-universal if, and

only if,
OF
ol o

oF
[

2. Tk ,of @ spang ( [aF

} } C &P is linearly independent;
n=0

o, | BE = &P,
77_0} T {8”’“ W—OD "

We now define the pushforward of an unfolding, a concept that will be important
for establishing the idea of equivalent families of two distinct but equivalent germs.

o

DEFINITION 4.23. Let [F] € Zf;yk be an unfolding of the germ [f] € ZE. For any

given pair ([M], [¢]) € GLy(En) X Ly, the pushforward of [F] by ([M],[¢]), denoted by
([M),[¢]) * [F] is defined as the unfolding of the germ [fyusn) = [M] - [f] o [¢] whose
representative Fpush(a:,n) = (Fpusn(z,m),n) satisfies

(4.9) Fyusn(z,m) = M(z) - F($(x),n),
in a neighbourhood of the origin.

The pushforward has the important property of preserving induction, as proved
in the next proposition.
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PROPOSITION 4.24. Let [f] € Z2 and ([M],[¢]) € GL,(E,) X Ly,. The pushfor-
ward ([M], [¢])x is a bijective map between the set of unfoldings of [f] and unfoldings
of [fpush) = [M] - [f] o [¢] that preserves K-induction.

Proof. Tt is bijective because it has an inverse given by ([M=1Y,[o71]).

Suppose that [G] € £} is K-induced by [F] via [h]. Then, there are neighbour-

hoods of the origin U C R™, V C R*, and smooth functions o : U x V' — R™ and
Q : U xV — RP*P guch that h(0) =0, a(z,0) =z, Q(z,0) = I, and

(4.10) G(z,m) = Q(z,n) - F(a(z,n), h(n))
for (z,m) e U x V.

_ Define [Fyus] = ([M],[¢]) * and [Gpusn] = ([M], [¢]) * [G]. By definition, if

: [F]
Fousn(z,n) = (Fpush(z,n),n) and Gpusn(z,n) = (Gpusn(z,m),m) are representatives,
then

(4.11) Gpusn(z,1) = M(z) - Q(¢(x),n) - Fla(e(x),n), h(n)).

Sﬁtting B(x,n) = ¢~ a(p(z),n)) and S(x,n) = M(x)Q(p(z),n)M~1(x), it follows
that

(412) Gpush(m7 77) = S(.’L’, 77) : Fpush(ﬁ(mv 77)7 h(n))7
which proves that [Gpusn] is K-induced by [Fpusn] via [h]. O

COROLLARY 4.25. The pushforward of K-equivalent unfoldings are K-equivalent.
Also, the pushforward of a K-versal unfolding is KC-versal.

4.3. The averaging method: a brief presentation. A widely used technique
for analysing non-linear oscillatory systems under small perturbations is the averaging
method. This method has been rigorously formalized in a series of works starting with
Fatou [?] and including those by Krylov and Bogoliubov [?], Bogoliubov [?], and later
by Bogoliubov and Mitropolsky [?]. However, its origins can be traced back to the
early perturbative methods applied in the study of solar system dynamics by Clairaut,
Laplace, and Lagrange. For a concise historical overview of averaging theory, see [?,
Chapter 6] and [?, Appendix A].

In this section, we briefly introduce this method and provide explicit formulas for
calculating the terms appearing in the definition of Ay, the displacement function of
order /.

4.3.1. Main concepts. Averaging theory is usually built around systems of
the form ??, which are said to be in the standard form. A key result of this theory
concerns the possibility of moving time-dependency to higher orders of the parameter,
and can be stated as follows (see [?, Lemma 2.9.1] for a proof).

LEMMA 4.26. There is a smooth near-identity map

k
(4.13) X =Ult,z,p,e) =2+ Y e uilt,z p),

i=1
T-periodic in t, that transforms differential system (??) into

k
(4.14) 2 = Zaigi(z, w) 4 ¥ e (t, 2,y €),

i=1

with each of the functions on the right-hand side being smooth.
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By imposing the existence of such a transformation and, then, solving homological
equations, the functions w; and g;, for i € {1,2,...,k}, can be recursively obtained.
In general,

1 T
gl(ZvlJ’) = T/() Fl(tvznu)dt

but, for i € {2,...,k}, such functions are not unique. Nevertheless, by imposing
additionally the stroboscopic condition

U(z,0,pu,¢) =z,

each g; becomes uniquely determined, which is referred to as the stroboscopic averaged
function of order i (or simply ith-order averaged function) of (??). red If the original
system is only of class C? for some d € N*, there is generally loss of one derivative
for each newly calculated order of the averaged functions.

The primary objective of the averaging method consists in estimating the solutions
of the non-autonomous original differential equation (??) by means of the following
autonomous differential equation

k
(4.15) 2 = Zeigi(z,,u),
i=1

which corresponds to the truncation up to order k in e of the differential equation
(??). Accordingly, for sufficiently small |¢| # 0, the solutions of (??) and (?7?), with
identical initial condition, remain e*-close over an interval of time of size O(1/e) (see
[?, Theorem 2.9.2]).

The averaging method has shown to be highly effective in detecting the emergence
of invariant structures of (??) that originate from hyperbolic invariant structures of
the autonomous differential equation

(4.16) 2= gu(2),

where gy is the first averaged function that is not identically zero. As we have men-
tioned in ?7, (?7?) is known as guiding system. A classical result of averaging theory
in this context asserts the birth of an isolated periodic solution of (??) provided that
the guiding system (??) has a simple equilibrium (see, for instance, [?, ?]). This
result has been extended to settings with less regularity [?, 7, 2, 7, 7, 7, ?]. More
recently, in [?, 7], this result has been generalized to detect higher-dimensional struc-
tures. Specifically, it has been proven that the differential equation (??) possesses an
invariant torus, provided there is a hyperbolic limit cycle in the the guiding system

(??) (see also [?]).

4.3.2. Calculation of the averaged functions. As recently highlighted in [?],
the averaging method is strictly related with the Melnikov method, which consists in
expanding the solutions X (¢, Xo, i, €) of (??), satisfying X (0, Xo, p,€) = Xo, around
e =0 as (see [?, 7]

" it Xo. )
o i Ji\ly A0,
(4.17) X(t, Xo, u,¢) = Xo + E € —

=1

+ 5k+1rk(t7 XOu M, 5)7
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where
t
yl(taXOa/u’) :/ Fl(SaXOMU) ds
0

t

(4.18) yi(t,Xo,u)Z/ (i!Fi(S,Xo,M)+Ki(S,X0,M)>dS7 and
0
-1 .

!
Ki(s, Xo, p) = Z Z Zf,a;nFi—j(S,XoaM)Bj,m(yh o Yimmr) (8, Xo, ),

j=1m=1""

for i € {2,...,k}. Here, B, 4 refers to the partial Bell polynomials [?]. This formula
can be easily implemented in algebraic softwares such as Mathematica and Maple.
From (??), the stroboscopic Poincaré map becomes

k
H(X()a ,LL,E) = X(T7 XO7M)E) = XO + Zgifi(X(%M) + Ek+1Rk(X0a/j/7€)

i=1
where Ry (Xo, p,e) = (T, Xo, i, €) and, for each ¢,

(4.19) fi(Xo, ) = 2ot
Notice that f; = Tg;. The function f; is referred to as the Poincaré-Pontryagin-
Melnikov function of order i or simply ith-order Melnikov function (and sometimes
also averaged functions, see for instance [?]).

A formula connecting averaged and Melnikov functions was established in [?,
Theorem A], given by

91(2, 1) =12, 10),

(4.20) !
gl(zvlu) :T (fl(zvﬂ) - @(zvﬂ’)) )

with g;(t, z, ), for i € {1,...,k}, being recursively defined by

G1(t, z, 1) =t g1(z, p)

(4.21) § ,
i(t, z, ) =it gi(z, p) + O(2, ),
and with
A '
(4.22) O(z, pt) = Z Z ﬁdmgi_j(Z,u)/o Bjm (91, -+ Gj—mt1) (8, 2, p)ds.
j=1m=1""

This formula facilitates the calculation of the averaged functions without the need
to handle the near-identity transformation (??) and solving homological equations.
For a practical implementation of this formula, we refer to [?, Appendix A], where a
Mathematica algorithm is provided for computing the averaging functions.

As described in ??, the guiding system (?7?) plays a crucial role in averaging
theory and is defined by the first averaged function that is not identically zero. In
the following proposition, easily computable formulae are provided for this function,
as well as for some of the subsequent averaged functions, using Melnikov functions.
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PROPOSITION 4.27. [?, Proposition 1] Let ¢ € {2,...,k}. If either f1 = -+ =
fee1=0o0rg1=---=gp1 =0, then

lfi, for ie{l,...,20—1},

gi:T

and

goe(z, ) = % (f2€(zvl’é) - %dfe(z,u) ' fz(%u)) .

5. Proof of theorems. This section contains the proofs for all the theorems
stated in 77, as well as some novel auxiliary results that are used in those proofs.

5.1. Auxiliary results: zero sets and K-equivalence. We first present and
prove some useful (albeit slightly technical) results concerning the set of zeroes of
different unfoldings of the same germ. The general idea of K-equivalence preserving
the zero sets of germs, and thus being useful in the study of bifurcations, is well-
known (see [?, ?]), we prove a precise formulation suited to our context here, to more
easily consider strongly-fibred diffeomorphisms, maintaining the difference between
the “bifurcation” parameters p and the perturbation parameter €.

LeMMA 5.1. Let [F],[G] € 2}, be unfoldings of, respectively, (f],[g] € ZE. As-
sume that [f] and [g] are K-equivalent and let ([M],[¢]) € GLy(En) X Ly, be such that
[9] = [M]-[f]o[¢]. Also, let F:D x %), — RP xR*, G : D x ), — RP x R* be repre-
sentatives of [F] and [G] of the form F(x,n) = (F(x,n),n) and G(z,n) = (G(z,1),7).

If [G)] is K-equivalent to ([M],[¢]) * [F] via [h], there are W € Ny(D x ) and
a diffeomorphism ® : W — Eg, satisfying ®(x,n) = (®1(x,n), ®2(n)) € R™ x R¥,
®(x,0) = (¢(x),0), and

(5.1) ZrpNEs =0 (ZgNW).

Additionally, if F is independent of the last krp € {0,1,...,k — 1} entries of n =
(M,---,mk) and h = (hy, ..., hg) is such that

O(h1,. ., hi—kp)

5.2 det
( ) 8(”17"‘)"’]’(}7’6[‘)

(0,0)] #0;

then ®2 can be chosen as ®a(n) = (h1(n), ..., hk—kp (M), Me—kpt1s-- - Mk). In partic-
ular, ®o = h can be chosen regardless of F'.

Proof. Since [G] is K-equivalent to ([M],[¢]) * [F] via the local diffeomorphism
germ [h], then a representative h : ¥j — X} is such that ~A(0) = 0 and Dh(0) is
invertible. We can assume that X} € Np(Xy) is sufficiently small to ensure that
Dh(n) is invertible on X}. Moreover, there are Uy € Ny(D), Vo € Ny(X},), and
smooth functions Q(z,7n) and «a(z,n) such that Q(z,0) = I, a(z,0) = z, and

(5:3) Gz, n) = Q(z, n)M(c(z,n)) F(¢(alz,n)), h(n))

for any (x,7n) € Uy x Vo. Without loss of generality, we assume that Uy C D

Since v and @ are smooth, a(z,0) = z, and Q(z,0) = I,,, we can find U; € Ny(Up)
and Vi € Np(Vp) sufficiently small as to guarantee that Do, (x) and Q(z,n) are
invertible for (x,n) € U; x V5 and that «(U; x V1) is in contained in a set where M
and ¢ are invertible.
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Define W = Uy x Vq and ®(z,n) = (¢(a(z,n)), h(n)), which is clearly of the
desired form. Since

(5.4) det D®(z,n) = det D¢(a(z, n)) - det Davy () - det Dh(n),

it follows that D®(z,n) is invertible for (z,n) € W. Hence, ® is a diffeomorphism on
W, and it is easy to see that ®(z,0) = (¢(z),0). Let Eg be the image &(W).

For the relationship between the Zr and Zg, observe that, on the one hand, if
(x,n) € Zg N W, then, by 77,

(5.5) F(®(z,n) = F(d(alz,n), h(n) = (M(a(z,n) " (Qz,n))"" Glz,n) =0,

so that ®(x,n) € Zg N Ep. On the other hand, if (y,£€) € Zp N Ep, 7?7 ensures that
(x,m) = @~ 1(y, €) satisfies
(5.6) G(z,n) = Qa,n)M(a(z,n)F(2(x,n)) = Qz,n)G(y,§) = 0,

so that ®~1(y,&) € Zg N W. This proves ?7?.
Suppose now that the additional hypotheses of ?? hold, that is, F' is independent
of the last kr < k entries of n and 77 is valid. Define

(57) hFib(n) = (hl (77)7 ey hk—kF (77)7 Nek—kp+1y--- 777k) )

It is easy to see that 7?7 ensures hypj, is a local diffeomorphism near the origin.
Moreover, the independence of F' with respect to its last kr entries guarantees that
77 still holds after replacing h with hg;p.

By retracing the steps of the proof with this new hg;,, we obtain the analogous
of 7?7 with ® replaced by ®wi,(z,n) = (P(a(x,n)), hrin(n)), which is clearly of the
desired form. 0

Remark 5.2. Two unfoldings [F], [G] € 2P, of K-equivalent germs satisfying the
hypotheses of 77 are said to be K-equivalent as 7families, even though it should be kept
in mind that they are not unfoldings of the same germ, and thus cannot be considered
equivalent unfoldings.

red The hypothesis of independence of F' with respect to the last entries of 7
may seem quite arbitrary at a first glance, and thus merits an explanation. It is
motivated by our implicit technical assumption in stating the lemma that F' and G
unfold equivalent germs using the same number k of parameters. Frequently that is
not true, in which case we equivalently say that the unfolding with less parameters is
independent of a number of its entries.

In fact, in order to prove ??, we will make use of the unfolding Ay(z, u,e) of
the singular germ z — g¢(z,0) with one extra parameter (&) than strictly required
by its codimension. An application of ??7 with the special form of ®5 that explicitly
maintains the separation of € from the rest of the parameters - i.e., choosing ® as a
strongly fibred diffeomorphism - is what then allows us to compare the catastrophe
surface My with the suspension of the catastrophe surface of Z,,, as will be explained
in ?77.

The next result is used to connect our hypothesis of K-universality to the hy-
potheses of ?7. It is an important technical step in proving the main theorem of this
paper, 77.

LEMMA 5.3. Let [f] € 2P a germ of K-codimension d, and [H] € 20, be a K-
universal unfolding of [f]. Also, let k > 0 and [F] € 257 a+x be an unfolding of [f].

This manuscript is for review purposes only.



931
932
933
934

936
937
938

939

941

942
943

944

AVERAGING THEORY AND CATASTROPHES 27

Take H : D X Xg — RP X R? and F : DX Xgpr — RP X R4* to be representatives
of the form H(z,n) = (H(z,n),n), F(a,n,€) = (F(w,n,1),n,€), and assume that
F(z,n,0) = H(z,n).

Suppose that [F] is K-induced by [H] via [h] : (R¥T* 0) — (R, 0). Then,
oh
(5.8) det (877(0,0)> £0.

Proof. Since [F] is K-induced by [H] via [h], it follows that there are Uy € Ny(D),
Vo € Mo(Z44k), and smooth functions Q(z,n, &) and a(z,n,§) such that Q(z,0,0) =
I, a(z,0,0) = z, and

(5.9) F(z,n,8) = Qz,n,§) - H(a(z,n,£),h(n,£)).
By hypothesis, F(x,n,0) = H(x,n), so that we obtain from ?? that
(510) H(z,ﬂ) = Q(xanvo) H(a($7n70)7h(77a0))

For each x, we have an identity of smooth functions of 7, which can thus be differen-
tiated at 7 = 0 in the direction of w € RY, yielding

oH (9.0)w)  Hz
+ (ZIZ (@.0)- 5o (0.0 + G 0)- 5 <o,o>) .

Let w € R? be given such that

oh
5.12 —(0,0) - w=0.
We will show that w = 0, so that the derivative of h with respect to n at (0,0) must
be invertible. From 77, it follows that

(5.13) %—I:(:E,O) cw = (86572(:10,0) . w) - H(z,0)+ aa%(x,O) : g—f;(a:,QO) w

Observe that, since H(z,0) = f(x), the right-hand side of ?? is an element of the
extended KC-tangent space Tk .f. Moreover, it is clear that the left-hand side of the
same identity belongs to the subspace

oOH oOH
(514) Spallp <|:a771‘,,_0:| goeey |:and 77_0:|) .

Considering that, by hypothesis, [H] is a K-universal unfolding of f, we know by
7?7 that

OH OH
5.15 Tic of N = U i = {0}.
(5.15) eet s (|50] 5] )=o)
Thus, it follows at once that
OH
1 s cw=0.
(5.16) on (2,0)-w=0
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If w # 0, then there would be a non-trivial linear combination of elements of

OH OH
(5.17) {[ ][ H
O ln=0 Ong ln=0
that vanishes, contradicting the linear independence of this family established in 77.
Therefore, it follows that w = 0, concluding the proof. 0

5.2. Persistence of catastrophes: Proof of ?7. Having proved the auxiliary
results above, the proof of our main result, 77, is as follows.

By hypothesis, [H] € 27!, defined by H(z,p) = (H(w,p), 1) = (ge(w, 1), 1)
is a K-universal unfolding of the the germ [s] € Z7 given by s(z) = g¢(z,0). In
particular, the unfolding [F] € 2 41 defined by F(x,p,e) = (F(z,p,e), p,e) =
(Ag(x, p,€), p,€) is K-induced by [fNI} Hence, let Q(x, p, ), oz, u,e) and h(u,€) be
such that

(5'18) F(x,,u,g) = Q(m,u,a) . H(a(m,u,g), h(M?‘E))

It is easy to see that, since Ay(x,u,0) = go(x, pn), it follows that F(z,u,0) =
H(x, ). Thus, all the hypotheses of ?? are valid, ensuring that

(5.19) det (i(o,o)) £0.

Define [é] € Z:LL, k+1 by é(l’,ﬂ,é‘) = (G($7Ha€)7,u7€) = (9€($aﬂ)yﬂa5)~ In partic—
ular, we have that G(x, i, ) = H(z, ). Hence, 7?7 ensures that

(5'20) F(%Ma 5) = Q(LU, :uvg) : G(a(ﬂﬁa/bf)a hex<u7€))’

where hex(p,€) = (h(u,€), ), which is clearly a local diffeomorphism near the origin
of RE*1. Therefore, [F] is K-equivalent to [G] via [hex].

Finally, an application of 7?7 guarantees the existence of a diffeomorphism ® : U —
V, satisfying ®(z, p, e) = (@1 (z, p, €), P2 (p, €),6) € R* xR¥ xR, &(z,0,0) = (z,0,0),

and
(5.21) ZpNV = (ZzNU).

By definition of G, it is clear that Zo NU = (Z,;, x R)NU. Similarly, Zp. NV =
Zn, NV. Thus, considering ?7, it follows that MpNV = & ((Z,, x R)NU) U Ve—o.
The fact that Z,;, x {0} is invariant under @, follows from intersecting both sides of 7?7
with the set {(z, i1,0) € R3}, because the last coordinate function of ® is ¢ identically.
In fact, by doing so, we obtain

(5.22) (Zge x {0} NV =@ ((Zy, x {0}) N V),

proving the invariance.

5.3. Persistence of bifurcation diagrams: proof of ??7. In this section, we
make use of 77 to prove the 77, concerning the persistence of bifurcation diagrams of
equilibria.

Observe that Dy is defined by Ay(z, 1,0) = 0 and D, by Ag(x, pu,e) = 0. The
fact that ge(x, u) = Ag(x, p,0) is K-universal ensures that it is a submersion near (0, 0)
(for a proof of this fact, see [?, Proposition 14.3]). Thus, by smoothness with respect
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to g, it follows that, for small fixed € # 0, (z,u) — Ay(xz, pu, ) is also a submersion
near the origin. Hence, D, and D, are smooth manifolds of codimension k£ by the
Regular Value Theorem.

The fact that D. is O(e)-close to Dy follows from ??. In fact, since D, can be
obtained, for € # 0, by intersecting My with the hyperplane attained by fixing &,
it followsi that that D, is given by the image under ® of Z,, x {®3'(¢)}. Thus, if
e =035 (e),

(5.23) D = {(®1(2, p, ), Ba(p, ")) = (2, p,€) € (Zg, x RNUV)}

Considering that, by definition, ¢’ = O(e) and that ® is smooth, if follows that D is
O(e)-close to

(5.24) {(@1(2, 1, 0), @2(p,0)) = (2, 1) € Zg, },

which coincides with Z,, = D¢ by the invariance statement of ?7. This concludes
the proof.

5.4. Proof of stabilisation of non-stable families: the transcritical case.
For a 1-dimensional vector field, the transcritical bifurcation is generally described
as occurring in a l-parameter family, as two equilibria collide and pass through each
other, exchanging their stability properties. A normal form for the transcritical bi-
furcation is & = px + 2.

Families displaying such behaviour are not stable, in that a small perturbation
generally changes the phase portraits and breaks the bifurcation. However, they are
still studied because they appear typically in 1-parameter families displaying a fairly
common property: existence of an equilibrium for every value of the parameter (see
[?, Section 3.4]).

Let us begin with a definition of the transcritical bifurcation based on the concept
of C-equivalence.

DEFINITION 5.4. A I-parameter family of 1-dimensional vector fields F(x, ) is
said to undergo a transcritical bifurcation at the origin for p =0 if
1. The germ of f : x — F(x,0) at the origin is K-equivalent to the germ of
s1.0(z) = 22
2. Let ([M],[¢]) € GLn(En) X Ly be such that [f] = [M] - [s1,0] o [¢]. The
pushforward ([M], [¢]) * [U] of the unfolding [U] € Z],, giwen by Uz, ) =

U(x, 1), 1) and U(z, 1) = px + 22, is K-equivalent to [F| via the identity,

where F(x, ) = (F(x, 1), ).
The definition essentially states that a transcritical family is characterized by a singu-
larity whose unfolding is, up to K-equivalence, given by the normal form z +— px —22.
We now consider what happens when a transcritical bifurcation occurs in a guiding
system.

The important observation is that the normal form px 4 2 of the transcritical
can be ‘embedded’ into the versal family A+ 22 of the fold, by taking (z(x, 1), A\(1)) =
(v + p/2,—p?/4). 7?7 can then be applied to the versal family A + y2, so that the
bifurcation diagram of periodic orbits must be given by zeros of an O(e)-perturbation
of it. In essence the possible bifurcation diagrams for a fixed ¢ # 0 are given by
n(e) + A +4? = 0, which, returning to the original coordinates, is 7(g) + puz + 2. One
can check that two different diagrams emerge depending on the sign of 7(e). Namely,
two nearby folds if n > 0 and two approaching zeros that suffer no bifurcation if n < 0.
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5.4.1. The canonical form of the displacement function.

PROPOSITION 5.5. Let n = k = 1 and suppose that the guiding system & =
ge(x, 1) undergoes a transcritical bifurcation at the origin for w = 0. Then, there
are €1 € (0,&9), an open interval I containing 0 € R, an open neighbourhood Us, C 3
of 0, and smooth functions ¢,Q : I x Ug x (—e1,e1) 2> R, a,5 : Us X (—€1,61) = R,
and b: (—e1,e1) = R such that

(T.I) If Ay is the displacement function of order £ of 72, then

Ag(z, pye) = Q(x, p,€) (C(, py€) + S, €)a® (py€) + S (i, )b(e))

for (z,p,e) € I x Us X (—&1,€1).
(T.II) For each (p,e) € Us x (—€1,€1), the map (o) = ((x,p1,€) is a diffeo-
morphism on the interval I.
(T.III) For each € € (—¢€1,€1), ae : i — a(u,€) is a diffeomorphism on Us.
(T.IV) b(0) =0, a(0,0) =0, ¢(0,0,0) = 0, and sign (Q(0,0,0)) = sign (%19; (0,0)).
(T.V) S(p,e) <0 for any (p,€) € Us x (—e1,€1).

Proof. We begin by observing that Ay(x, 1,0) = Tge(x, 1), by definition of the
displacement function of order £. Let [s10] be as in ?? and [F] be the 2-parameter
unfolding of f : z — Tge(z,0) given by F(z, u,e) = (Ay(x, i, €), 1, €). By hypothesis,
there are P(x, ) € R and 9 (z, u) € R such that

(5.25) Ag(z, 1, 0) = Pz, p) (pp(x, p) + ¢*(z, 1))

and, defining M (z) := P(z,0), and ¢(z) := 9(x,0), it holds that [f] = [M]-[s1,0] o [¢].

Let H(z,n) = (4> +17,7) € R x R. Since the l-parameter unfolding [H] of
[s1,0] is K-versal, it follows that [F] must be K-induced by ([M],[¢]) * [H]. Hence,
there is a neighbourhood Vi := I x (—fi1, ji1) X (—&1,&1) of the origin in R*1+1 and
smooth functions h(u,e) € R, Q(x, u,e) € R, and ((x, u, €) € R such that h(0,0) =0,
Q(x,0,0) = M(z) # 0, ((z,0,0) = ¢(z), and

(5.26) Ag(z, p,e) = Q(z, py€) - (CQ(x,u, e) + h(p,e)) .

Because ((z,0,0) = ¢(z) is a local diffeomorphism, assuming that fi; and &; are
sufficiently small, we can ensure that ((, ) :  — ((, u1,€) is a diffeomorphism on I
for any (p,€) € (—fu1, ) x (—€1,€1).

Since [f] = [M] - [s1,0] © [¢], it follows by twice differentiating at the origin that

9°90.0) = 201(0) (5 (0))".

Considering that M (z) = Q(z,0,0), we obtain

(5.27) T

2
(5.28) sign (%mg; (0, 0)) = sign(M(0)) = sign (Q(0,0,0)) # 0.

A combination of 7?7?77 yields
(5.29) P(z,p) (i, ) + ¢ (2, 1) = Q(, 11,0) - (¢*(, 1,0) + h(p, 0))

Differentiating both sides of 7?7 with respect to u at the origin and considering
that 1(0,0) = ¢(0,0,0) = ¢(0) = 0, it follows that
oh

(5.30) 7,00 =0.
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Now, differentiating both sides of ?? twice with respect to = at the origin and
considering that M (0) is invertible, we obtain

0 ol :
5.31 —(0,0 =|(==(0,0,0) ] .
(5.31) (SL00) = (5000
Partial differentiation with respect to x and p yields

(5.32) %(0’0) +2 <g7ﬁ(0,0)> <gi’(o,0)> =2 (gi(o,o,())> <§/§(0,0,0)) :

Finally, differentiating both sides of ?? twice with respect to p and considering 77,
we obtain

O O NS 292
(5.33) 25, 0:0) +2 (aﬂ(o,0)> =2 <8u (0,0,0)) + 0 (0,0).
Squaring ?? and considering ?7?, it follows that
o o0 o\ (9 ’
.34 14+4— 4 =— =4 = .
(5:34 +igl0.0+4(520.0) =1 (5000
Hence, combining with 77, we obtain
*h 1
(5.35) a—MZ(O, 0) = —3

Considering ???7?, it follows from Taylor’s theorem that h(u,0) = p?r(u), where
7 is smooth and 7(0) = —1 < 0. Hence, it is clear that [ho] = [r] - [s1,0], and [ho] is
K-equivalent to [s1]. Thus, as before, it follows that the 1-parameter unfolding [h]
of [hg] must be K-induced by ([r], [Id]) * [H], that is, there are smooth real functions
S(p,e), a(p,€), and b(e), defined on (—fig, fia) X (—€2,€2) C (—fi1, ft1) X (—&1,&1),
such that S(u,0) = r(p), a(y,0) = p, b(0) =0, and

(5.36) h(p,€) = S(pu,¢e) - (a*(p,€) + b(e)) -

holds locally near the origin. Since S(0,0) = r(0) < 0, we can assume that fiz and
€9 are sufficiently small as to ensure that S(u,e) < 0 for any (u,e) € (—fi2, fi2) X
(—£&2,&5). Moreover, they can be assumed sufficiently small to guarantee that a. is a
diffeomorphism as well. 0

5.4.2. Proof of ?7. By definition of Ay, it is easy to see that

0A
(5.37) a—é(o, 0,0) = ge+1(0,0),
3
which is non-zero by hypothesis. Let V := I x Usg, X (—&1,€1) as given in ??. Then,
7?7 ensures that

A
(5.39) O 0,0,0) = Q(0,0,0)5(0.0)¥(0).
Thus, considering 7?7?77, it follows that
9e+1(0,0)
5.39 V(0)=0o ,
(539 =150,0.0)50.0)
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where
2
(5.40) o = sign (25;(0,0)) € {-1,1}.

Now, ?? also ensures that Ay(x, u,e) = 0 is equivalent to

(5.41) be) = — 5(; ) — ()

in V. Define \I/(I, s 5) = (\111(1', Hs 5)3 \112(:“7 5)7 \I/3(€)) by

(5.42) Uy pe) = ST g ey = a(ue), Wa(e) = be).
_”S(H7€)

Hence, U is a strongly-fibred diffeomorphism onto its image U and ?7? is itself equiv-
alent to

(5.43) Uy(e) = (W1 (2, 1,)" = (a(p,e))”

Thus, Ai(z, p,e) =0 <= Y(z,u,e) € {(yﬁ,n) eR3:n=19y%— 92}. Defining ¢ =
W1 it follows that Ag(z, p, e ) 0 < (z,p,6) € ®({(y,0,n) eR3:np=y*—62}).
Furthermore since ®3(g) = b~1(¢), it follows from ?? that

(5.44) sign (#4(0)) = o - sign (g11(0,0)).

Finally, since Ag(x, p,0) = ng(x,u), it is easy to see that, if we fix ¢ = 0, we have
go(z, 1) =0 = (Vy(z, 1,0))* = (Ua(p,0))?, proving that

(5.45) (Zg, x {0 NV =3 ({(y,0,0) eR*: 4> — > =0} N ).

5.4.3. Description of the perturbed bifurcation. We now make use of the
results above to describe the behaviour of II for values of the parameter near the
point of bifurcation. Essentially, we show that, in one direction of variation of e,
the transcritical is broken into two nearby folds, whereas in the other no bifurcation
occurs.

We assume, without loss of generality, that

24
(5.46) sign (% 5 (0, 0)) sign (ge+1(0,0)) =1

which is equivalent to assuming the orientation of the saddle obtained for the ca-
tastrophe surface in ?7?. If this product is negative, the behaviour is analogous, but
mirrored with respect to the sign of the perturbation parameter €.

PROPOSITION 5.6. Let n = 1 and suppose the guiding system & = go(x,u) un-
dergoes a transcritical bifurcation at the origin for u = 0. Also, let I, Us and &,

be as provided in 7?7, and define o = sign (6 2 (0, 0)) and o' = sign (ge4+1(0,0)). If

oo’ =1, there are (22, 2, €2) € (INRE) X (UsNRY) x (0,1) and continuous functions
ey fhe © (—€2,62) = (—x2,22) such that the following hold:

(a) For each e € (—e2,0), the family (z,u) — I(x, u,e) undergoes two fold-like

bifurcations in the set (—xa,x2) as p traverses (—pusa, o), one at = pe(e) €

(0, 2) and another at jp = pic(e) € (—p2,0). In other words, if we take pu to
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grow through (—pe, p2), we observe the collision of two hyperbolic fixed points
as p = p.(e) and the subsequent emergence of two hyperbolic fixed points at
= pe(e). When pu = pc(e) or pn = pe(€), there is one fized point that is
nonhyperbolic. Apart from those mentioned, there are no other fized points in
the interval (—xo,x2). In particular, there are no fized points in this interval
for w € (—pe(e), pe(€))-

(b) For each € € (0,e3), the family (x,u) — I(x,p,e) does not undergo any
bifurcation in (—x2,x2) as p traverses (—pa, u2). If we take p to grow past
this interval, we observe exactly two hyperbolic fized points in (—x2,x2), first
approaching without colliding, and then straying apart.

Proof. Take &, := €1, &1, i1 > 0 such that (—Z1,21) C I, and [— i1, fi1] C Uy and
define Wy = (—=21,%1) X (—fi1, fi1) X (—€1,€1). In that case, 7?7 ensures that

(5.47) Ag(z,p,e) = Q(z, ) (P2, pye) + S(p,e)a*(,€) + S, )b(e))

for (x, u,e) € Wh.

Let A : (—fi1, fin) X (—€1,&1) — R? be given by A(u,e) = (a(u,€),¢). Since a. is a
diffeomorphism on Uy, for € € (—£1,£1), it follows that A is a diffeomorphism onto its
image. Considering that a(0,0) = 0, E5 := Im A is an open set containing (0,0) € R2.
Thus, there is a basic open neighbourhood of the origin (—a, @) x (—&2,£2) C Ea. This
means that (—a,a) C Im a. for any € € (—&3,£2). Since b(0) = 0 and b is smooth, we
can take &5 € (0,&3) such that \/|b(e)| < a for any € € (—&5,£3). This ensures that

az! (j:\/|b(£)|> is well defined for ¢ € (—£3,£3). Hence, we can define

(5.48) nele) i=azt (—VBEN)  and pele) = at (VE))

both clearly continuous on (—£3,£3) and whose image lies in (—fi1, fi1).
Proceeding as in the proof of 7?7, we obtain

e ge+1(0,0)
(5.49) b(0) =0 1Q(0, 3 0)S(0,0)|’

which does not vanish by hypothesis. Hence, there is £4 € (0,&3) sufficiently small
such that sign(b(e)) = oo’ for ¢ € (0,€4) and sign(b(e)) = —oo’ for £ € (—£4,0).
Henceforth in the proof, we assume, without loss of generality, that oo’ = 1. The
other case can be treated analogously and will be omitted for the sake of brevity.

Now, from ??, it follows that, for (z,u,e) € Wy, it holds that Ay(x, u,e) = 0 if,
and only if,

2
<($7ﬂ'a 8) _ 0,2
(5.50) (_S(M)> = a®(u,€) + b(e).

We will, therefore, study how many roots of the polynomial 22 = a?(u, ) + b(g) exist
near zero for each (u,€) € (—fi1, fi1) X (—E4,£4), since they can then be converted via
inverse function to values of x satisfying Ay(z, u,e) = 0.

We first study 77, that is, the case ¢ € (—eq4, 0), for which the polynomial equation
can be rewritten as 22 = a?(u,e) + |b(e)|. Considering that |b(¢)| > 0 for any e €
(—€4,0), it is easy to see that this equation has exactly two simple roots for (u,e) €

(—fi1, i) % (—£€4,0).
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Now, we consider ?7?, that is, the case ¢ € (0,é4), for which the polynomial
equation can be rewritten as

(5.51) 22 =a2(p,€) — |be)).

It is thus clear that this equation will have two simple real roots if a?(u,e) > [b(¢)|,
one double real root if a?(u, ) = |b(¢)| and no real roots if a(u,e) < |b(e)]. In other
words, the number of roots depends solely on the sign of the function

(5.52) e () = a(1,2) — [b(e)].

There are, for each ¢ € (0,£,), exactly two values of u € (—fi1, fi1) for which c.(u) =
a®(p,€) = [b(e)| = 0, namely pc(e) = az*(=/[b(€)]) and pe(e) = aZ' (V/[b(e)]). We
proceed by studying the sign of the c. () for p € (=i, fi1).

To do so, assume first that a((0) > 0. Since a. is a diffeomorphism on Uy, for any
¢ € (—£1,&1), smoothness of a ensures that a.(0) > 0 for any ¢ € (—£1,&;1). For the
same reason, we obtain that al(u) > 0 for any (u,e) € Us x (—€1,&1). Hence, since
[—fi1, 1] C Us and [—£€3,&3) C (—&1,€1), it follows that

(5.53) m = inf{al(u) : (u,€) € [—fi1, 1] X (—E3,3)} > 0.

Moreover, considering that (—fi1,fi1) C [—f1, fi1] and that (—€4,€4) C [—E3,€3], we
get

(5.54) inf{al(u) : (1, €) € (—fir, f11) X (—€4,€4)} > m > 0.

This means that a., and consequently also its inverse, is an strictly increasing function
on (—fiy, f11), which will allow us to fully understand the sign of c..

Firstly, since —v/|b(g)| < 0 < 1/|b(¢)| and a_ ! is increasing for any ¢ € (0,&,), it
follows that

(5:55)  pele) =zt (~vBE)) < a'0) < azt (VIE) = pele).

Thus, since a. is also increasing for any € € (0,£4), we obtain

(5.56) ae(pe(€)) <0 < ac(pe()).
Therefore, considering that c.(u) = 2a.(p)ac (1) and that a. > 0, we conclude that
(5.57) ¢z (pe(€)) <0 < cL(pe(2)),

for any € € (0,&4).

We have thus proved that, if u € (0,4), then c.(u) > 0 for u € (=i, pe(€)) U
(te(€), 11) and c.(p) < 0 for p € (pe(€), pe(€)). As mentioned before, this suffices to
prove 77.

5.5. Proof of stabilisation of non-stable families: the pitchfork case.
The pitchfork bifurcation for flows is a 1-parameter family of 1-dimensional vector
fields exhibiting the emergence of three equilibria from one persistent one, with a
normal form & = px + x3. If this family is perturbed, this behaviour is generally
lost, unless some symmetry is assumed for the perturbation term, and the pitchfork
bifurcation appears generically of families with symmetry (the so-called Zs-equivariant
systems - see [?, Section 7.4.2], for instance).

Similar to 7?7, we begin with a definition of the pitchfork bifurcation based on
the concept of K-equivalence, before considering what happens when it occurs in a
guiding system.
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DEFINITION 5.7. A I-parameter family of 1-dimensional vector fields F(x, ) is
said to undergo a pitchfork bifurcation at the origin for p =0 if
1. The germ of f : © — F(x,0) at the origin is K-equivalent to the germ of
s12 0(x) = 3.
2. Let ([M],[¢]) € GLn(En) x Ly, be such that [f] = [M] - [s120] o [¢]. The
pushforward ([M],[¢]) * [U] of the unfolding [U] € Z1,, given by Uz, p) =
U(z, 1), 1) and U(z, p) = px + 22, is K-equivalent to [F] via the identity,

where F(x, 1) = (F(z, p), p).
5.5.1. The canonical form of the displacement function.

PROPOSITION 5.8. Let n = k = 1 and suppose that the guiding system & =
ge(x, 1) undergoes a pitchfork bifurcation at the origin for u = 0. Then, there are
€1 € (0,e0), an open interval I containing 0 € R, an open neighbourhood Us, C X of
0, and smooth functions (,Q : I x Us x (—e1,61) > R, a: Uy X (—€1,e1) > R, and
b:(—¢e1,e1) = R such that

(P.I) If A, is the displacement function of order £ of 72, then

Ag(x,,u,e) = Q('% u,s) (CS(J;,‘U,E) + G(ME)C(%% 8) + b(:u75))

for (z,p,e) € I x Us x (—e1,€1).
(P.II) For each (u,c) € Us x (—€1,€1), the map () : & = (2, pu,€) is a diffeo-
morphism on the interval I.
(P.III) For each e € (—¢1,€1), ac : p > a(u,€) is a diffeomorphism on Us;.
(P.IV) b(0,0) = 22(0,0) = 0, a(0,0) = 0, ¢(0,0,0) = 0, and Q(0,0,0) # 0.
Proof. Observe that Ag(x,u,0) = Tge(x, i), by definition. Let [s32 o] be as in

?? and [F] be the 2-parameter unfolding of f : x — Tge(z,0) given by F(x,u,e) =
(Ag(z, p,e), p,e). Since [ge] undergoes a pitchfork bifurcation, there are P(x,u) € R
and ¥(z, 1) € R such that

(5.58) Ag(z, 1,0) = P(z,p) (pap(x, p) + ¢° (z, 1))

and, defining M (z) := P(z,0), and ¢(z) := 9(x,0), it holds that [f] = [M]-[s1,0] o [¢]-

Let fI(x, 0,m) = (y>+0y+n,0,n7) € R xR x R. Since the 2-parameter unfolding
[H] of [s12,0] is K-versal, then [F] must be K-induced by ([M], [#]) * [H]. Therefore,
there is a neighbourhood Vi := I x (—fi1, fi1) X (—&1,&1) of the origin in R**1+1 and
smooth functions hp,e) = (a(p,€),b(p,€)) € R?, Q(z,pu,¢) € R, and ((z,pu,e) € R
such that A(0,0) = (0,0), Q(z,0,0) = M(z) # 0, ((z,0,0) = ¢(x), and

(559) Ag(x,,u,&?) = Q($7M,5) : (Cg(xﬁJﬂ 5) + a(#ﬁ)((%ﬂ@) + b(p“’ 5)) .

Considering that ((z,0,0) = ¢(z) is a local diffeomorphism, if we assume that fi; and
€1 are sufficiently small, we can ensure that {, ) : = ((z, u, €) is a diffeomorphism
on I for any (p,e) € (—fi1, 1) X (—€1,€1).

Combining 77?7, we have
(5.60)
P(z,p) () (@, ) + 9% (2, 1)) = Q(x, 1,0) - (¢ (, 1,0) + alp, 0)(, 11, 0) + b(p, 0)) -

Differentiating both sides of 7?7 with respect to u at the origin and considering
that 1(0,0) = ¢(0,0,0) = ¢(0) = 0, it follows that

(5.61) S—Z(o, 0) = 0.

This manuscript is for review purposes only.



1264
1265

1266

1267
1268

1269

1279

1280
1281
1282

1283

1284
1285

1286
1287
1288
1289
1290
1291

1293
1294

1295

1296

36 P.C.C.R. PEREIRA, M. R. JEFFREY, AND D. D. NOVAES

Now, differentiating both sides of 7?7, once with respect to  and once with respect
to p, at the origin and considering that M (0) is invertible, we obtain

da o ,
5.62 —(0,0) = —(0,0) = ¢'(0) # 0.
(562) 50,0 = 20,0 = 9(0) #
We can assume that jio and & are sufficiently small as to ensure that g—Z(u,s) #£0
for any (u,e) € (—fie, fiz) X (—€2,&3), guaranteeing that a. is a diffeomorphism. 0O

5.5.2. Proof of ??7. By definition of Ay, it is easy to see that

OA
(5.63) a—;m, 0,0) = g¢41(0,0),

which is does not vanish. Let V := I x Us, X (—£1,¢1) as given in ??7. Then, ?? ensures
that

(5.64) %(0, 0,0) = Q(0,0,0)v'(0).
Thus, considering 77, we obtain
(5.65) %(0, 0) = 73& 57(8:8)).
7?7 yields that Ag(z, p,e) = 0 is equivalent to
(5.66) b(p,e) = —C*(w, pye) — alp, €)¢ (@, p, )
in V. Define ¥ (z, p,e) = (V1 (z, p, ), Ta(p, €), Y3(u,€)) by
(5.67) Ui(z,p,8) = (@, p6), Walp,e) = alp,e),  Ws(p,e) = blp,e),

a weakly-fibred diffeomorphism onto its image U. We remark that, since 3—2(0, 0)=0
by 77?7, we also know that W is strongly-fibred to the first order at the origin. Moreover,
77?7 is equivalent to

(5.68) (U1 (2, 1,€))> + o, )Wy (2, p, ) + Us(p,€) = 0.

Therefore, Ay(z,p1,e) =0 <= U(z,p,e) € {(y,0,n) €R®:y3 — 0y +n=0}.
Defining ® = ¥, the proof is concluded.

5.6. Proof of ?7. Let ® be as in 7?7 and € # 0 be small enough so that ¢/ =
@5 (e) is well defined. By ??, the points (x, u) near (0,0) for which I(x, u,€) = x are
given by (®1(a(t),n(t),e’), Pa(n(t),e’)), where (a(t),n(t)) are a local parametrisation
near (0,0) of the curve given by ge(a,n7) = 0. Considering the Implicit Function
Theorem and 77?7, we can assume that «(t) = t.

Thus, since g¢(t,n(t)) = 0, by differentiating with respect to t at t = 0, we obtain

9gr ’
(5.69) o (0,0)n'(0) =0,
which ensures that n’(0) = 0.

Now, differentiating II(®4 (¢, n(¢), "), P2(n(t),e’),e) = ®1(t,n(t),e’) with respect

to t at t = 0, it follows that

(5.70) O ACIE
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where z*(¢) := ®(0,0,¢’) and p*(e) := ®2(0,¢’).
Taking into account [?, Theorems 4.1 and 4.2], we need only verify the two gener-
icity conditions that guarantee a fold up to topological conjugacy:

(Fropl) ?’TE(CC*(S)’M*(E)@) # 0;

(Frop2) 528 (2" (e), u*(€), ) # 0.
p ox
These follow directly from smoothness with respect to €, combined with 7?7, the fact

Appendix A. Group structure of germs of fibred diffeomorphisms. It
is known that germs of local diffemorphisms at a point (see ?7) have a well defined
operation induced by composition. Hence, we assume without loss of generality that
the domains and images of the diffeomorphisms are compatible with composition.

The fact that the composition of two fibred diffeomorphisms is still a fibred dif-
feomorphism, be it strongly or weakly fibred, amounts to simple calculation, and will
be omitted here. The only property of groups that has to be non-trivially verified
is the existence of an inverse element in the class of local diffeomorphisms with the
same fibration, which amounts to proving that the inverse of a fibred diffeomorphism
is itself still fibred.

Let thus ® be strongly-fibred and let ¥ := ®~!, its inverse diffecomorphism. We
wish to prove that ¥ is strongly-fibred as well. we begin by proving that W3 does not
depend on x or p.

To do so, first notice that, since ® is diffeomorphism, it follows that, for any
(2, 1, e) in its domain, det D®(z, u, &) # 0. Considering that

(Al) (I)(.T,/.L,E) = (@1(],‘,[1,,6),@2(M,€),¢3(€)),

it follows at once by taking into account the block structure of the matrix D®(x, u, €)
that

o o
(A.2) det — (2, 1,6) #0, det —=(p,e) #0, and ®(e) #0.
ox ou
Now differentiate the identity W3(®q(x, u,€), Pa(u, ), P3(e)) = € with respect to
x to obtain
0Us 0P,

(A3) E(q)l(xalhg); (I>2(:U"€)a (1)3(5)) ’ %(QC,,U,,S) =0,
oVs

which, combined with ?7, ensures that <% vanishes identically in its domain.

Differentiating the same identity with respect to u and considering that % =0,
we obtain

oV;

(A4) W((I)l(xnu"g),®2(M76)7©3(5)) ’

0%,

au (M?E) = 07

now ensuring that % vanishes identically in its domain. Therefore, ¥3 depends
solely on e, as we wished to prove.

Finally, differentiating Wo (P (z, 1, €), P2(p, €), P3(e)) = p with respect to z, it
follows that

o, om

(A5) W((I)l(xvﬂve)a (1)2(/1'75)7 (1)3(5)) oz (:CHU‘7€) =0,

which proves that Us is independent of x, finishing the proof for the strongly-fibred
case.
The weakly-fibred case is analogous, and so will be omitted.
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