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Abstract. When a dynamical system is subject to a periodic perturbation, the averaging method3
can be applied to obtain an autonomous leading order ‘guiding system’, placing the time dependence4
at higher orders. Recent research focused on investigating invariant structures in non-autonomous5
differential systems arising from hyperbolic structures in the guiding system, such as periodic orbits6
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1. Introduction. The method of averaging allows time-dependent singular per-20

turbations of autonomous dynamical systems to be moved to higher orders in the per-21

turbation parameter. The leading order term, sometimes called the guiding system,22

is then time-independent, but captures the average of the time-varying perturbation.23

Typically, if the perturbation is periodic, one can then show that equilibria of the24

guiding system constitute periodic orbits in the full system, see e.g. [?, ?] and with25

more generality [?, ?]. Other invariant structures have also been studied, for example26

periodic orbits of the time-independent system leading to invariant tori [?, ?]. To27

describe what happens when bifurcations occur in the guiding system is a harder28

problem, and only solved for limited cases, such as a fold or Hopf bifurcation un-29

der certain conditions in [?, ?]. Bifurcation theory itself cannot generally be directly30

applied because of the singular nature of the systems. In this paper we provide the31

necessary theory to study whether bifurcations ‘persist’ under averaging.32

In essence here we will study systems of the form Ẋ = εf(t,X, µ, ε), where33

µ ∈ Rk is some parameter. Such equations describe the effect of a time-varying34

perturbation εf(t,X, µ, ε) near time-independent invariants, e.g. near the equilibrium35

h = 0 of an autonomous system Ẋ = h(X), and these occur commonly, for example, in36
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2 P.C.C.R. PEREIRA, M. R. JEFFREY, AND D. D. NOVAES

studying small perturbations of oscillators, particularly using Melnikov methods (see37

e.g. [?, ?]). The quantity X then varies on the timescale t/ε, making the perturbation38

singular over non-vanishing intervals of time [0, t].39

However, according to standard results of averaging theory [?], after change of40

variables, we can write this for some l ∈ N as41

(1.1) ẋ = εℓgℓ(x, µ) + εℓ+1Rℓ(t, x, µ, ε),42

where the leading order of the perturbation is given as a regular autonomous pertur-43

bation. Through a time rescaling this becomes ẋ = gℓ(x, µ) + εRℓ(t/ε
ℓ, x, µ, ε), so44

that time-dependence enters only as a perturbation (albeit singular) of an otherwise45

autonomous system. Here f, gℓ, and Rℓ are differentiable functions we will specify46

more completely later.47

What happens when such a system undergoes a bifurcation has received relatively48

little attention. In [?] it is shown that certain one-parameter bifurcations (a fold or a49

Hopf) of ẋ = εg1(x, µ) persist after being perturbed as above. Somewhat subtly, these50

results actually prove the existence of branches of equilibria or cycles around their51

bifurcation points, not of the bifurcations themselves, and moreover assume certain52

forms of system that are not entirely general. In [?], it is shown in more detail that53

a Hopf bifurcation in ẋ = εℓgℓ(x, µ) persists as a Neimark-Sacker bifurcation in the54

time-T map of the original non-autonomous differential system, creating invariant55

tori.56

Compared to bifurcations in averaging theory, the literature on other aspects57

of time-dependent perturbations of autonomous systems is extensive. Such investi-58

gations have been around since Poincaré’s study of systems of the form u̇ = g(u) +59

εh(u, t, ε), from which are derived the origins of homoclinic tangles and chaos [?, ?, ?].60

They remain novel today in multi-variable and multi-timescale problem, notably in61

models of neuron bursting via mixed-mode oscillations, see e.g. [?]. A simpler example62

is the singularly perturbed pendulum, ü = − sin(u) + ε sin(t/ε), e.g. [?].63

Here we will show indeed that a broad class of bifurcations of the leading order64

guiding system ẋ = gℓ(x, µ) (in any number of parameters) ‘persists’ when carried65

over to the original time-dependent system. We will use an idea from [?, ?, ?] of66

looking only at the catastrophe underlying any bifurcation, which considers only the67

numbers of equilibria involved in a bifurcation (so-called K-equivalence), taking no68

interest in topological equivalence classes. This provides an essential simplification69

making it possible to prove classes of bifurcation that do or do not ‘persist’ under70

averaging.71

Our interest will particularly be in families whose guiding systems exhibit non-72

hyperbolic equilibria that induce bifurcations, so that the rescaled form of ?? can be,73

for instance, a simple fold point with a small singular time-dependent perturbation,74

written as ẋ = x2 + εh(t/ε). A notable application of this is to seasonal differential75

models, i.e., differential systems with time varying parameters. For example, consider76

the family u̇ = u2 + p depending on a parameter p. What happens if, in fact, p77

undergoes small time fluctuations? We will show that the average value µp of p(t)78

can play the role of a bifurcation parameter whose variation precipitates catastrophes79

of periodic solutions.80

We will also show that bifurcations that are not stable, except under restrictions81

such as symmetries important in applications, may nevertheless form stable systems82

under averaging. As an illustration, we will consider systems with transcritical and83

pitchfork bifurcations, as those appear frequently in the literature. We will show how,84

if one of these non-generic bifurcations appears in the guiding system, the addition85
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of a time-varying singular perturbation generically produces stable bifurcations of86

periodic solutions in the averaged system.87

The paper is arranged as follows: in ??, we present an overview of our main88

results, written as a practical summary for the non-specialist in either averaging or89

singularities and catastrophes. We add to this in ?? by illustrating applications to90

some simple examples, and particularly to the physical application of systems with91

time-varying parameters. The remainder of the paper contains the results presented92

more formally: in ??, we introduce known concepts extracted from both singularity93

theory and the averaging method that are needed to discuss and prove our results,94

before proving our main results in ??, and collecting a few auxiliary results of a more95

technical nature.96

2. Overview of results. Consider a (k+1)-parameter family of n-dimensional97

systems in the form98

(2.1)
Ẋ =

N∑
i=1

εiFi(t,X, µ) + εN+1F̃ (t,X, µ, ε)

for (t,X, µ, ε) ∈ R×D × Σ× (−ε0, ε0),

99

whereD is an open, bounded neighbourhood of the origin in Rn; Σ is an open, bounded100

neighbourhood of µ∗ ∈ Rk; ε0 > 0; N ∈ N∗; and the functions Fi and F̃ are of class101

C∞ in R×D×Σ× (−ε0, ε0), and T -periodic in the variable t in R×D×Σ× [−ε0, ε0].102

We concern ourselves with T -periodic solutions of ??. Let X(t, t0, X0, µ, ε) be103

the solution of this system satisfying X(t0, t0, X0, µ, ε) = X0. Suppose that the pa-104

rameters (µ, ε) are fixed. To find T -periodic solutions, we will study the so-called105

stroboscopic Poincaré map Π, which is defined by106

(2.2) Π(X0, µ, ε) = X(T, 0, X0, µ, ε).107

Since all functions present in the system are T -periodic, a fixed point of the Poincaré108

map corresponds to a T -periodic solution of ??.109

If we allow the parameters to vary, different maps emerge, giving birth to a (k+1)-110

parameter family of maps. In order to obtain a geometric picture of how the fixed111

points of Π change as the parameters (µ, ε) vary, we define the catastrophe surface112

MΠ of Π as the set of triples (X,µ, ε) such that Π(X,µ, ε) = X.113

Definition 2.1. The catastrophe surface MΠ of the Poincaré map Π is defined114

by115

(2.3) MΠ := {(X,µ, ε) ∈ D × Σ× (−ε0, ε0) : Π(X,µ, ε) = X}.116

This definition is inspired by a similar concept appearing in Thom’s catastrophe theory117

(see, for example, [?]). We remark that the term “surface” is used only for reasons118

of custom, and does not imply that MΠ is, globally or locally, a regular manifold in119

D × Σ × (−ε0, ε0). We will see in ?? below that typically MΠ is not a manifold for120

the cases we will be treating.121

In this paper, we provide results locally characterising the catastrophe surface of Π122

near bifurcation points for determinate classes of systems of the form (??). Crucially,123

the results show that the knowledge of an averaged form of the system - the so-called124

guiding system - is, in many instances, sufficient to fully describe MΠ. Essentially, we125

can infer in those cases that only the averaged effect of the time-dependent terms of126

(??) alter the qualitative behaviour of T -periodic solutions.127
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We will need to distinguish between variables, bifurcation parameters, and per-128

turbation parameters, and to do this we use the notion of fibred maps summarized129

in ??. We then give a brief introduction to the method of averaging in ??. These130

set up the main result in ??, showing what we define as ‘persistence’ of catastrophes131

under averaging, and this is then refined to describe [non]-persistence of [non]-stable132

bifurcations in ??-??. Lastly, we give a comment on topological equivalence in ??.133

2.1. Fibred maps. Below we will be studying how the geometry of a catas-134

trophe surface is preserved under changes of coordinates, but we will also need to135

preserve the different roles variables versus bifurcation or perturbation parameters136

(x, µ, ε, respectively).137

Consider the simplest case n = k = 1 (one variable and one bifurcation parame-138

ter), and compare the mapsX 7→ Π1(X,µ, ε) = X+X2−µ andX 7→ Π2(x, µ, ε) = µ2.139

The catastrophe surfaces of those maps are, respectively, given by M1 = {(X,µ, ε) :140

X2 = µ} and M2 := {(X,µ, ε) : µ2 = X}. It is thus clear that M2 can be obtained141

from M1 from the rigid transformation of coordinates that rotates around the ε-axis142

by 90 degrees. Geometrically, thus, M1 and M2 are essentially identical. However,143

the different roles played by the coordinate X and the parameters µ and ε, mean that144

Π1 undergoes a fold bifurcation at µ = 0 and any ε ∈ (−ε0, ε0), while Π2 has exactly145

one fixed point X∗ = µ2 for any pair (µ, ε). Hence, even though M1 and M2 are146

geometrically indistinguishable, the dynamics represented by them are certainly not147

equivalent.148

This happens because the ambient space ofMΠ is the product between the space of149

coordinates and the space of parameters. Thus, if we want a tool that guarantees that150

two systems are dynamically related by comparing their catastrophe surfaces, then151

more than geometric properties alone, we also need the difference between parameters152

and coordinates to be preserved. We do this using the concept of fibred maps.153

Definition 2.2. Let U ⊂ D×Σ× (−ε0, ε0) be a neighbourhood of the origin. In154

the context established in this paper, a map Φ = (Φ1,Φ2,Φ3) : U → Rn × Rk × R is155

said to be:156

• weakly fibred if it is of the form Φ(x, µ, ε) = (Φ1(x, µ, ε),Φ2(µ, ε),Φ3(µ, ε));157

• strongly fibred if it is of the form Φ(x, µ, ε) = (Φ1(x, µ, ε),Φ2(µ, ε),Φ3(ε));158

• weakly or strongly fibred to the m-th order at p ∈ U if its m-jet at p is,159

respectively, weakly or strongly fibred.160

For instance, when considering M1 and M2 as above, it is clear that, even though161

those surfaces are geometrically identical, no fibred diffeomorphism exists taking one162

into the other. Compare this to the map X 7→ Π3(X,µ, ε) = (X − µ)2 + X − µ,163

which still undergoes a fold bifurcation at µ = 0, but has a catastrophe surface164

M3 = {(X,µ, ε) : (X − µ)2 = µ}, which can be obtained by transforming M1 via165

the fibred diffeomorphism Φ(X,µ, ε) = (X + µ, µ, ε). This can be seen as a conse-166

quence of the assertion that fibred diffeomorphisms, by ensuring the separation of167

coordinates and parameters, preserve the dynamical aspects of the catastrophe sur-168

face. This admittedly somewhat vague assertion is simply a more explicit statement of169

ideas already present in the literature (see, for instance, the definitions of topological170

equivalence of families in [?, ?]).171

While weak fibration is sufficient to ensure the proper separation of coordinates172

and parameters, strong fibration is needed for applications such as averaging, when173

we need to distinguish between the perturbation parameter ε and other parameters,174

in particular here we will usually assume ε to be fixed, while studying the bifurcation175
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family arising from varying µ.176

Slightly altering the example we have already discussed, we consider the map177

X 7→ Π4(X,µ, ε) = (X−µ+ε)2+X−µ+ε, which, for each fixed ε, still has a fold as178

we vary µ. Its catastrophe surface M4 = {(X,µ, ε) : (X −µ+ ε)2 = µ− ε} is equal to179

the image of M1 via the strongly fibred diffeomorphism Φ(X,µ, ε) = (X+µ, µ+ ε, ε).180

It is easy to verify that the composition of two fibred maps is still fibred. It181

also holds that the inverse of a fibred diffeomorphism is itself fibred. These observa-182

tions culminate in the following important result concerning the germs of fibred local183

diffeomorphisms, the proof of which can be found in ??.184

Proposition 2.3. The class of germs of weakly fibred local diffeomorphisms near185

the origin is a group with respect to composition of germs, and so is the class of germs186

of strongly fibred local diffeomorphisms near the origin.187

The concept of germs of local diffeomorphisms is introduced with more detail in ??.188

2.2. Averaging method and guiding system. The averaging method allows189

us to simplify ?? by transforming it into a system that does not depend on time up to190

the N -th order of ε. More precisely, we are supplied with a smooth T -periodic change191

of variables X → x(t,X, µ, ε) transforming ?? into192

(2.4) ẋ =

N∑
i=1

εigi(x, µ) + εN+1 rN (t, x, µ, ε),193

where rN is T -periodic in T and each of the functions on the right-hand side are194

smooth. The periodicity of this change of variables allows us to conclude that T -195

periodic solutions of ?? correspond one-to-one with T -periodic solutions of ??.196

Further details about the transformation taking ?? into ?? will be provided in ??197

(in particular, ??), here we give just a brief overview of which elements of ?? will be198

used to deduce general properties of the catastrophe surface.199

We obtain g1 by200

(2.5) g1(x, µ) =
1

T

∫ T

0

F1(t, x, µ)dt,201

the average of F1 over t ∈ [0, T ]. If g1 does not vanish identically, then ℓ = 1 and202

we are done. However, if g1 = 0, we proceed similarly, defining g2 to be the average203

of an expression involving the functions F1 and F2 over t ∈ [0, T ]. Once again, we204

have to check whether g2 = 0. If not, ℓ = 2 and we are done, otherwise we have to205

continue in the same fashion. We do so until we reach the first gℓ that does not vanish206

identically. The expressions used to calculate the functions gi and other details about207

the transformation of variables taking ?? into ?? will be provided in ??.208

Note that the change of variables provided by the averaging method is the identity209

for t = 0, so thatMΠ can be identified with the catastrophe surface of the stroboscopic210

Poincaré map of ??. Henceforth, we will always take into account this identification,211

since as a rule we will be analysing ?? instead of ?? directly.212

Assume that at least one of the elements of {g1, . . . , gN−1} is non-zero and let213

ℓ ∈ {1, . . . , N−1} be the first positive integer for which gℓ does not vanish identically.214

Then, ?? can be rewritten as215

(2.6) ẋ = εℓgℓ(x, µ) + εℓ+1Rℓ(t, x, µ, ε),216
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where217

(2.7) Rℓ(t, x, µ, ε) =

N−ℓ−1∑
j=0

εjgj+ℓ+1(x, µ) + εN+1rN (t, x, µ, ε).218

The system ẋ = gℓ(x, µ), obtained by truncating ?? at the ℓ-th order of ε and rescaling219

time, is called the guiding system of ??. Our aim will be to infer properties of MΠ220

from the singularity type appearing in the guiding system.221

2.3. Statement of the main result. A celebrated result of the averaging222

method is that, if the guiding system has a simple equilibrium, then ?? has a T -223

periodic orbit for small ε (see [?]). Complementarily, our main result concerns the224

case when225

(2.8) ẋ = gℓ(x, µ)226

has a singular equilibrium point at the origin for µ equal to a critical value µ∗. Without227

loss of generality, we assume that µ∗ = 0, that is,228

(H1) gℓ(0, 0) = 0;229

(H2) det
(

∂gℓ
∂x (0, 0)

)
= 0.230

In that case, we can state the following general result, which assumes that the231

family gℓ(x, µ) containing the singular equilibrium is K-universal, that is, “stable” in232

the sense of contact or K-equivalence. More details about this concept, which is very233

useful in singularity theory (see, for instance, [?, ?, ?]), will be given in ??234

Theorem 2.4. Let ẋ = gℓ(x, µ) be the guiding system associated with ??, and235

assume that the vector field x 7→ gℓ(x, 0) has a singular equilibrium at the origin, i.e.,236

???? hold. If the germ of x 7→ gℓ(x, 0) at x = 0 has finite codimension and the k-237

parameter family (x, µ) 7→ gℓ(x, µ) is a K-universal unfolding of this germ, then there238

are neighbourhoods U, V ⊂ Rn+k+1 of the origin and a strongly fibred diffeomorphism239

Φ : U → V such that Φ(x, 0, 0) = (x, 0, 0), and the catastrophe surface MΠ of the240

family of Poincaré maps Π(x, µ, ε) satisfies241

(2.9) MΠ ∩ V = Φ((Zgℓ × R) ∩ U) ∪ Vε=0,242

where Zgℓ = {(x, µ) ∈ Rn+k : gℓ(x, µ) = 0} and Vε=0 := {(X,µ, 0) ∈ V }. Addition-243

ally, the set Zgℓ × {0} is invariant under Φ.244

Observe that the set Zgℓ × R appearing in the theorem is the catastrophe surface of245

the Poincaré map of the extended guiding system ẋ = gℓ(x, µ), ṫ = 1. Hence, the246

theorem says that MΠ consists in the union of two sets: a trivial part corresponding247

to ε = 0, since every point is a fixed point of Π in that case; and a non-trivial part248

that is, near the origin, the image under a strongly fibred diffeomorphism of the249

catastrophe surface of the extended guiding system. An illustration is given in ?? for250

a fold catastrophe.251

2.4. Persistence of bifurcation diagrams for stable families. A specially252

illustrative way to look at ?? is as ensuring ‘persistence’ of the well-known bifurcation253

diagrams of fixed points for K-universal (also known as stable) families.254

For a general family of vector-fields ẋ = F (x, η), the bifurcation diagram of equi-255

libria is the subset of the coordinate-parameter space defined by {(x, η) : F (x, η) = 0}.256

Analogously, for a general family of maps (x, η) 7→ P (x, η), the bifurcation diagram257

of fixed points is {(x, η) : P (x, η) = x}.258
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µ

ε

x

gℓ(x,µ)�� ε�� ε��

Φ

MΠ
Vε��

Fig. 1. The catastrophe surface Zgℓ of the guiding system (left, suspended through ε ∈ R), and
the catastrophe surface MΠ of the time-dependent system (right). MΠ is the image of Zgℓ under the
diffeomorphism Φ, and Zgℓ × {0} is invariant under Φ.

In the averaging method, the guiding system can be seen as the first non-trivial259

approximation of a system. It is thus desirable to determine to which degree this260

approximation allows us to extrapolate qualitative properties to the original system.261

In the case treated in this paper, the guiding system is actually a family of vector262

fields undergoing some local bifurcation. The original system ??, however, has one263

extra perturbative parameter ε and is non-autonomous, so that the manner of com-264

parison of its qualitative properties with those of the guiding system is not obvious.265

To make this comparison possible, we fix ε ̸= 0 small and compare the bifurcation266

diagrams of ẋ = gℓ(x, µ) and (x, µ) 7→ Π(x, µ, ε), that is, we see the parameter ε267

as a perturbation of the bifurcation diagram of the guiding system. We can then268

reinterpret ?? as stating that, for K-universal families, the bifurcation diagrams of269

fixed points of the perturbed maps are actually O(ε) perturbations of the bifurcation270

diagram of equilibria of the guiding system, as follows.271

Theorem 2.5. Under the hypotheses of ??, the bifurcation diagram Dℓ,0 := {(x, µ) ∈272

D × Σ : gℓ(x, µ) = 0} is locally a smooth manifold of codimension k near the origin.273

For ε ̸= 0 sufficiently small, the perturbed bifurcation diagrams Dε := {(x, µ) ∈ D×Σ :274

Π(x, µ, ε) = x} are also smooth manifolds of codimension k near the origin, which are275

O(ε)-close to Dℓ,0.276

This will be proven in ??, and can essentially be stated as persistence of the277

bifurcation diagram from the guiding system ?? to the full ε-perturbed system ?? for278

small values of ε. The statement of the result in terms of persistence of qualitative279

properties of the guiding system is intended to mirror a selection of results in the area280

(see [?, Chapter 6] and, more recently, [?, ?].281

2.5. Stabilisation of non-stable families. For non-stable families the bifur-282

cation diagrams will not typically persist, as we show below for the transcritical and283

pitchfork bifurcations, which instead form a pair of folds and a cusp, respectively.284

The analysis of those two families is only meant to illustrate how the method can still285

be applied (not directly and with due caution) if a non-versal bifurcation appears in286

the guiding system, by ‘embedding’ this bifurcation into a larger versal family.287

The specific choice of the transcritical and the pitchfork is motivated by the fact288

that they are one-parameter families that appear often in the literaturered, due to289

their natural connection with symmetries or other constraints of the system. For in-290

stance, the pitchfork bifurcation is versal in the context of germs having Z2-symmetry,291

whereas the transcritical is versal if germs are required to have 0 as an equilibrium292

point (for more details, see [?, Chapter 23]). The stabilisation process explained in293

this section can thus be seen as the effect time-periodic perturbations have in breaking294
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symmetries - or, more generally, removing constraints - of the model.295

2.5.1. Transcritical.296

Theorem 2.6. Let n = 1 and suppose that the guiding system ẋ = gℓ(x, µ) un-297

dergoes a transcritical bifurcation at the origin for µ = 0. If298

(2.10) gℓ+1(0, 0) ̸= 0,299

then there are neighbourhoods U, V ⊂ R1+1+1 of the origin and a strongly fibred diffeo-300

morphism Φ : U → V such that the catastrophe surface MΠ of the family of Poincaré301

maps Π(x, µ, ε) satisfies302

(2.11) MΠ ∩ V = Φ
(
{(y, θ, η) ∈ R× R× R : η = y2 − θ2} ∩ U

)
∪ Vε=0,303

where Vε=0 := {(X,µ, 0) ∈ U}. Additionally, Φ(0, 0, 0) = (0, 0, 0),304

(2.12) sign (Φ′
3(0)) = sign

(
∂2gℓ
∂x2

(0, 0)

)
· sign (gℓ+1(0, 0)) ,305

and306

(2.13) (Zgℓ × {0}) ∩ V = Φ
(
{(y, θ, 0) ∈ R× R× R : y2 − θ2 = 0} ∩ U

)
.307

2.5.2. Pitchfork.308

Theorem 2.7. Let n = 1 and suppose that the guiding system ẋ = gℓ(x, µ) un-309

dergoes a pitchfork bifurcation at the origin for µ = 0. If310

(2.14) gℓ+1(0, 0) ̸= 0,311

then there are neighbourhoods U, V ⊂ Rn+1+1 of the origin and a weakly fibred diffeo-312

morphism Φ : U → V such that the catastrophe surface MΠ of the family of Poincaré313

maps Π(x, µ, ε) satisfies314

(2.15) MΠ ∩ V = Φ
(
{(y, θ, η) ∈ R× R× R : y3 + yθ + η = 0} ∩ U

)
∪ Vε=0,315

where Vε=0 := {(X,µ, 0) ∈ U}. Additionally, Φ(0, 0, 0) = (0, 0, 0), and Φ is strongly316

fibred to the first order at the origin.317

We will illustrate these results with examples in ??.318

2.6. A discussion of topological equivalence. In studying bifurcations of dy-319

namical systems, it is common to work with topological equivalence classes. As noted320

in [?], this is practically restrictive, and we will instead work only with the bifurca-321

tions of numbers of equilibria, better termed catastrophes as they ignore topological322

properties of the dynamics, also referred to underlying catastrophes in [?].323

Generally speaking, the catastrophe surface alone does not determine the topo-324

logical class of the Poincaré map: there are potentially multiple topological classes325

with the same catastrophe surface. However, knowing the catastrophe surface reduces326

the number of possibilities for the topological types of the map, and we can see it as327

one of the elements constituting a general topological description.328

Let us briefly explore this distinction by presenting the saddle-node case in one329

dimension, for which the catastrophe surface allows us to very easily infer topological330

conjugacy, and also exhibiting an interesting counter-example for planar vector fields.331
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2.6.1. The saddle-node in one-dimension. In the case of well-studied one-332

dimensional stable bifurcations, we can assert the topological conjugacy class of Πε333

by combining the method exposed in this paper with known genericity conditions en-334

suring topological conjugacy to the normal form for the bifurcation (see [?, Theorems335

4.1 and 4.2]).336

Theorem 2.8. Let n = 1 and suppose that the guiding system ẋ = gℓ(x, µ) under-337

goes a saddle-node bifurcation at (0, 0), that is, assume that the following conditions338

hold:339

(F1) ∂gℓ
∂µ (0, 0) ̸= 0;340

(F2) ∂2gℓ
∂x2 (0, 0) ̸= 0.341

Then, there are ε1 ∈ (0, ε0), and smooth functions x∗ : (−ε1, ε1) → D and µ∗ :342

(−ε1, ε1) → Σ such that:343

(i) (x∗(0), µ∗(0)) = (0, 0).344

(ii) For each ε ∈ (−ε1, ε1) \ {0} fixed, the family of stroboscopic Poincaré maps345

(x, µ) 7→ Π(x, µ, ε) is locally topologically conjugate near (x∗(ε), µ∗(ε)) to one346

of two possible normal forms: (y, β) 7→ (β−µ∗(ε))+(y−x∗(ε))±(y−x∗(ε))2.347

In other words, the family of (x, µ) 7→ Π(x, µ, ε) is, up to translation of348

coordinates, locally topologically conjugate to one of the two topological normal349

forms for the saddle-node bifurcation for maps: (y, β) 7→ β + y ± y2.350

The proof of this theorem is located in ??. An analogous result can be obtained351

for the cusp bifurcation, by considering the conditions available in [?, Theorem 9.1].352

2.6.2. The saddle-focus in two-dimensions. We looked at systems with353

saddle-node bifurcations in ??. The saddle-node is well known to be a generic354

one parameter bifurcation under topological equivalence, with normal form given by355

(ẋ1, ẋ2, . . . , ẋn) =
(
x21 + µ, x2, . . . , xn

)
.356

However, the collision between a saddle and a focus, which we will refer to as a357

saddle-focus, is not a generic one parameter bifurcation, but an example one parameter358

family is obtained if we interchange two entries on the right-hand side of the normal359

form family of the saddle-node: (ẋ1, ẋ2, . . . , ẋn) =
(
x2, x

2
1 + µ, . . . , xn

)
.360

A generic family with a saddle-focus is found, for example, in the well studied361

Bogdanov-Takens bifurcation (see [?], [?], or [?])362

(2.16) (ẋ1, ẋ2) =
(
x2, x

2
1 ± x1x2 + µ2x

2
1 + µ1

)
,363

requiring not a single parameter µ1 to unfold it, but also µ2 to control the local ap-364

pearance of limit cycles and homoclinic connections (hence we have µ = (µ1, µ2)).365

The singular germ corresponding to this family, obtained for zero values of the pa-366

rameters, is (ẋ1, ẋ2) = (x2, x
2
1 + x1x2), and the two parameters appearing in the367

Bogdanov-Takens bifurcation ensure that this germ is of codimension 2 when consid-368

ering topological equivalence.369

However, it is interesting to notice that, if regarded as the germ of a plane map,370

the germ of (x1, x2) 7→ (x2, x
2
1 + x1x2) is actually K-equivalent to (x1, x2) 7→ (x2, x

2
1),371

which is itself equivalent to the saddle-node germ (x1, x2) 7→ (x21, x2). Essentially, this372

means that, with respect to the unfolding of zeroes of those map germs, i.e., equilibria373

of the corresponding vector fields, all three germs behave identically. Naturally, this374

observation does not allow us to obtain a complete description of the phase portrait375

of a family, as they are topologically different, but certain properties – namely the376

numbers of equilibria and hence the catastrophe surface – can still be fully understood.377

This manuscript is for review purposes only.



10 P.C.C.R. PEREIRA, M. R. JEFFREY, AND D. D. NOVAES

In particular, we can describe the unfolding of equilibria of the germ of the vector378

field (ẋ1, ẋ2) = (x2, x
2
1), for which a complete unfolding with respect to topological379

equivalence is not known, and probably not even possible, hence the alternative germs380

unfolded in the Bogdanov-Takens bifurcation [?, ?], versus the Dumortier-Roussarie-381

Sotomayor bifurcation [?].382

The latter of these provides a different generic family with a saddle-focus config-383

uration,384

(2.17) (ẋ1, ẋ2) =
(
x2, x

2
1 + µ1 + x2(µ2 + µ3x1 + x31)

)
.385

Like the Bogdanov-Takens bifurcation, this family requires not just the parameter µ1386

to unfold it, but in this case two other parameters, µ2 and µ3. The singular germ387

of this family is (ẋ1, ẋ2) = (x2, x
2
1 + x31x2). We will use this example to illustrate388

persistence of the catastrophe, irrespective of topological equivalence, in ??.389

3. The theory in practice: time-periodic coefficients. Before setting out390

the theory from ?? in detail, let us show how it works in practice on a few examples.391

For these we take the interesting applied problem of a system whose parameters are392

not exactly fixed, but vary slightly over time. To apply averaging we will assume that393

variation is periodic, for instance a physiological model in which some hormones have394

a small circadian perturbation, or a climate model where temperature has a small395

daily fluctuation.396

The examples we treat here are intentionally simple, thus could be studied with397

other methods not relying on the averaging method - in particular, time-periodicity is398

not essential. However, they are meant only to illustrate the general results obtained399

in this paper, hence the choice for simple settings.400

3.1. Example: persistence of fold catastrophe. Consider a system Ẏ = Y 2,401

perturbed by a parameter of order ε2 and with a T -periodic fluctuation,402

(3.1) Ẏ = Y 2 + ε2f(t) .403

For ε ̸= 0, the change of variables Y = εX transforms this into404

(3.2) Ẋ = ε
(
X2 + f(t)

)
,405

which is a family of systems in the standard form ??.406

If we define the average of f(t) as407

(3.3) µ :=
1

T

∫ T

0

f(t)dt408

and the oscillating part of f to be f̃(t) = f(t)− µ, we have409

(3.4) Ẋ = ε
(
X2 + µ+ f̃(t)

)
,410

where the average of f̃ over [0, T ] is zero. Accordingly, the stroboscopic Poincaré map411

of ?? will be denoted by Π and its catastrophe surface by MΠ.412

Applying the transformation of variables given by the averaging theorem to obtain413

a system of the form ??, this family becomes414

(3.5) ẋ = ε(x2 + µ) + ε2R1(t, x, µ, ε).415
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It is then clear that the guiding system ẋ = x2 + µ undergoes a fold bifurcation for416

µ = 0, red which corresponds to a K-universal unfolding of the singular germ x2.417

To illustrate the verification of K-universality of an unfolding, we apply the criterion418

presented in ??. There is only one parameter in the unfolding F (x, µ) = x2 + µ of419

f(x) = x2, and the set of germs420

D :=

{[
∂F

∂µ

∣∣∣
µ=0

]}
= {[1]}421

is clearly linearly independent in E1. Moreover, the extended K-tangent space of [f ]422

is423

TK,εf =
{
[x] · [X] + [M ] · [x2] : [X] ∈ X0

1 , [M ] ∈ M0
1

}
= {[x] · [X] : [X] ∈ E1} .424

Hence, it follows from Hadamard’s Lemma (for a statement, see [?, Section 3.2]) that425

TK,εf ⊕D = E1,426

so that, by ??, it follows that [F ] corresponds to a K-universal unfolding of the singular427

germ [f ].428

Therefore, ?? ensures that MΠ locally has the form of a fold surface near the429

origin. Consequently, for each small fixed ε ̸= 0, a fold-like emergence (or collision) of430

fixed points of x 7→ Π(x, µ, ε) occurs near 0 as µ traverses a neighbourhood of zero.431

The value of µ for which this occurs is given by a continuous function µ∗(ε) satisfying432

µ∗(0) = 0.433

As an example, let f(t) = µ+ sin(t), so434

(3.6) Ẋ = ε(X2 + µ+ sin(t)).435

While we cannot solve this exactly, it is instructive to look at its perturbative solution436

for small ε, which is X(t,X0, µ, ε) ∼ xg(t,X0, µ, ε) + ε(1− cos t) + 2X0ε
2(t− sin t) +437

O(ε3), where xg is the solution of the non-oscillatory problem ẋ = ε(x2+µ). Averaging438

this system amounts to removing the order ε oscillatory term by making a change of439

variables X = x − ε cos t. In the method set out in ??, we have f̃(t) = sin(t) and440

R1(t, x, µ, ε) = −2x cos(t), giving the averaged system441

(3.7) ẋ = ε(x2 + µ)− 2ε2x cos(t),442

whose solutions satisfy x(t, x0, µ, ε) ∼ xg(t, x0, µ, ε)− 2x0ε
2 sin t+O(ε3), where the443

oscillation has moved to higher order. The guiding system ẋ = ε(x2+µ) can be solved444

exactly, and its solutions are445

(3.8)
xg(t, x0, µ, ε) =

√
−µ tanh

(
ε
√
−µt+ arctanh

(
x0√
−µ

))
∼ x0 + (x20 + µ)εt+ (x20 + µ)x0ε

2t2 +O(ε3).

446

These different solutions are illustrated in ??, and we see the consequence of the447

results proven above, that for µ < 0 the solutions of the exact and averaged systems448

all tend towards oscillation around the fixed points of the guiding system, but as µ449

moves to positive values a fold occurs and the fixed points vanish.450
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Fig. 2. Solutions of the system ?? exhibiting a fold, with µ = ±0.5 and ε = 0.4. The upper picture
shows the Poincaré map of the original system (red/orange points), converging in forward/backward time
to the fixed points of the guiding system (black curves). For two values of µ we plot the solutions below.
For µ < µ∗(0.5), the exact solutions (red dotted curves) and averaged solutions (blue curves) oscillate
around the guiding solutions (black dotted curves), all converging in forward/backward time onto the
stable/unstable fixed points (black lines). For µ > µ∗(0.5) there are no fixed points and the solutions
diverge. (For the exact solution we plot the variable x = X + ε cos t).

3.2. Example: non-persistence of the transcritical bifurcation. Consider451

the following differential system, with two time-dependent coefficients at different452

orders of ε,453

(3.9) Ẏ = Y 2 + εf1(t)Y + ε2f2(t).454

We assume f1 and f2 to be T -periodic. The change of variables Y = εX for ε ̸= 0455

yields456

(3.10) Ẋ = ε
(
X2 + f1(t)X + εf2(t)

)
.457

Define the averages of f1 and f2 as458

(3.11) µ :=
1

T

∫ T

0

f1(t)dt, c :=
1

T

∫ T

0

f2(t)dt,459

and the oscillating part of f1 as f̃1(t) := f1(t)− µ. The system can then be rewritten460

as461

(3.12) Ẋ = εX2 + εµX + εf̃1(t)X + ε2f2(t).462

This is now in the form ?? with N = 1, F1(t,X, µ) = X2 + µX + f̃1(t)X, and463

F̃ (t,X, µ, ε) = f2(t). We then apply the change of variables given by the averaging464

theorem, that is, X = x− ε(x+ ε cos t) cos t, obtaining465

(3.13)

ẋ =
εG(t, x, ε)

B(t, ε)
where

G(t, x, ε) = x2B2(t, ε) + (µ+ f̃1(t))xB(t, ε) + εf2(t)− xA′
1(t) ,

B(t, ε) = 1 + εA1(t) .

466
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and A1(t) is such that A′
1(t) = f̃1(t). Expanding in powers of ε, we obtain the467

averaged system468

(3.14) ẋ = ε(x2 + µx) + ε2
(
x2A1(t) + xA1(t)A

′
1(t) + f2(t)

)
+O(ε3).469

It follows that the guiding system is ẋ = g1(x, µ) = x2 + µx and the remainder term470

is R1(t, x, µ, ε) = x2A1(t) + xA1(t)A
′
1(t) + f2(t) +O(ε). Thus,471

(3.15) g2(0, 0) =

∫ T

0

R1(t, 0, 0, 0)dt =

∫ T

0

f2(t)dt = c.472

If c ̸= 0, the system satisfies the hypotheses of ??, and the perturbation causes the473

described stabilisation of the catastrophe surface.474

For illustration, let f1(t) = µ+sin(t) and f2(t) = c+sin(2t), so we are studying the475

system Ẋ = ε(X2 +Xµ+X sin(t)) + ε2(c+ 2 sin(2t)). Then f̃1(t) = sin(t), A1(t) =476

− cos(t), and R1(t, x, µ, ε) = (c − (2 + x) sin(t) cos(t) − x2 cos(t)). The averaging477

theorem yields the system ẋ = ε(x2 + µx) + ε2(c− (2 + x) sin(t) cos(t)− x2 cos(t)).478

Unlike stable families, the catastrophe surface of the perturbed system will not lie479

close to (be a diffeomorphism of) that of the guiding system’s transcritical geometry.480

We can examine how the catastrophe surface unfolds with ε by taking the second481

order averaging system. We plot the zeros of this as an illustration of the catastrophe482

surface in ??, which approximates MΠ − Vε=0 for small ε, and coincides with it at483

ε = 0. Only at ε = 0 does the transcritical appear, though strictly with null stability484

since the full system is ẋ = εx(x2 + µ) +O(ε2). The stability of equilibria shown on485

the right of Figure 3 is not given by studying the catastrophe surface, but comes from486

simulations (or can be verified by further stability analysis).487
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Fig. 3. The surface of fixed points x2 + µx + εc = 0 plotted for c = 1 in (x, µ, ε) space (with x∗
denoting the fixed-point value of x). The transcritical bifurcation at ε = 0 degenerates into a pair of fold
bifurcations for ε > 0 and two stable families of fixed points for ε < 0. Sections of the surface at different
ε give the bifurcation diagrams with varying µ (stable/unstable branches indicated by full/dotted curves).

?? shows simulations of Poincaré maps of the original system, which are a small488

perturbation of the bifurcation curves of the second order averaged system ẋ = ε(x2+489

µx) + ε2c, corresponding to the sections shown in ??.490

Lastly, ?? shows solutions for different values of µ and ε, showing the solutions491

converging onto a pair of fixed points, except for parameters values that lie between492

the two folds at which no fixed points exist, so solutions diverge.493

3.3. Example: non-persistence of the pitchfork. Similar to the example494

for the transcritical, consider a system with two T -periodic parameters at different495
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x*

µ

ε>0
c=1

ε>0
c=0

ε<0
c=1

x*

µ

x*

µ

Fig. 4. Solutions of the perturbed transcritical system. The Poincaré map of x(t) mod (t, 2π),
showing exact solutions converging in forward time (red) and backward time (orange) onto the stable
and unstable fixed points (black curves), respectively, from initial conditions close to the fixed points if
they exist, or close to the origin otherwise. The parameters used are: left ε = −0.02, c = 1, middle
ε = 0.02, c = 0, right ε = 0.02, c = 1. For ε < 0 there are always two fixed points. For ε > 0 and c ̸= 0
there are two fixed points only for |µ| > µfold, so between the folds the solutions diverge.
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Fig. 5. Solutions of the perturbed transcritical system with c = 0.1, for ε = 0.3 (top row) and
µ = −0.3 (bottom row), with values µ = −0.5, 0, 0.5, (from left to right). The original solutions (red
curves) and averaged solutions (blue curves) oscillate around the guiding solutions (black dotted curves),
converging in forward/backward time onto the stable/unstable fixed points (blue curves) if they exist.
For ε > 0 there are two fixed points only for |µ| > µfold, so in the middle picture the solutions diverge.
For ε < 0 there are always two fixed points.

orders of ε, but this time take496

(3.16) Ẏ = Y 3 + ε2f1(t)Y + ε4f2(t).497

The change of variables Y = εX for ε ̸= 0 yields498

(3.17) Ẋ = ε2
(
X3 + f1(t)X + εf2(t)

)
.499

If µ denotes the average over [0, T ] of f1 and f̃1(t) := f1(t)− µ, we obtain500

(3.18) Ẋ = ε2
(
X3 + µX + f̃1(t)X

)
+ ε3f2(t).501

This system is in the standard form with N = 2, F1(t,X, µ) = 0, F2(t,X, µ) =502

X2 + µX + f̃1(t)X, and F̃ (t, x, µ, ε) = f2(t).503
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We can then apply the change of variables given by the averaging theorem. Let504

A1(t) be such that A′
1(t) = f̃1(t). We perform the change of variables given by505

X = x+ εxA1(t), obtaining506

(3.19) ẋ = ε2(x3 + µx) + ε3
(
f2(t)−A1(t)

(
µx+ x3

))
+O(ε4).507

Following the naming convention of the averaging method, we have the guiding system508

ẋ = g2(x, µ) = x3 + µx and R2(t, x, µ, ε) = f2(t) − A1(t)
(
µx+ x3

)
+ O(ε). Thus,509

assuming that the average of f2 over [0, T ] does not vanish, it follows that510

(3.20) g3(0, 0) =

∫ T

0

R2(τ, 0, 0, 0)dτ =

∫ T

0

f2(τ)dτ ̸= 0.511

We are therefore within the domain of application of ??.512

For illustration, let f1(t) = µ+ sin(t) and f2(t) = c+ sin(2t), so we are studying513

the system Ẋ = ε2(X3 + µX + sin(t)X) + ε3(c+ 2 sin(2t)). Then f̃1(t) = sin(t), and514

R1(t, x, µ, ε) = (c − (2 + x) sin(t) cos(t) − 2x3 cos(t)), hence the averaging theorem515

yields the system ẋ = ε(x3 + µx) + ε2(c− (2 + x) sin(t) cos(t)− 2x3 cos(t)).516

?? illustrates the cusp catastrophe surface formed by the fixed points in (x, µ, ε)517

space, approximating MΠ − Uε=0. For ε ̸= 0 the bifurcation diagram, instead of518

a pitchfork, exhibits a branch of persistent equilibria and a fold. Only at ε = 0519

does the pitchfork appear, though strictly with null stability since the full system is520

ẋ = ε(x3 + µx) +O(ε2).521
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Fig. 6. A cusp bifurcation appearing for c = 1. The fixed points are plotted in (x, µ, ε) space (with
x∗ denoting the fixed point value of x). Sections of this at different ε give the bifurcation diagrams with
varying µ, showing a fold and a persistent fixed point for ε ̸= 0 (stable/unstable branches indicated by
full/dotted curves).

3.4. A counter-example to topological equivalence: the saddle-focus.522

Let us consider the two-dimensional family523

(3.21) (ẋ1, ẋ2) = ε
(
x2, x

2
1 + µ+ sin(t)

)
+ ε2

(
0, x2(c0 + c1x1 + x31)

)
.524

If we omit the time-dependent term ε sin(t), this takes the form of the saddle-focus525

bifurcation of Dumortier-Roussarie-Sotomayor, given in ??. For the averaged system526

we obtain527

(3.22) (ẋ1, ẋ2) = ε
(
x2, µ+ x21

)
+ ε2

(
− cos(t), x2(c0 + c1x1 + x31)

)
+O(ε3).528
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The guiding system (ẋ1, ẋ2) = ε
(
x2, µ+ x21

)
is structurally unstable.529

The purpose of this example is to show that we do not need structural stability in530

the guiding system, or topological equivalence to the form of bifurcation we derive, to531

apply our main theorem. Of course, we should not expect a full topological description532

of the map, as discussed in ??.533

?? illustrates solutions of the exact ε-perturbed system, and the averaged system,534

for µ = −0.2, for which the guiding system has a saddle and a focus (for µ > 0 the535

guiding system has no equilibria, and correspondingly all solutions of the averaged and536

perturbed systems diverge). The bottom row shows system where the guiding system537

has, for different c1 and c0 values from left to right: a stable equilibrium, a centre, a538

stable limit cycle, respectively, corresponding in the full system to a stable periodic539

orbit, a family of invariant tori (whether these are hyperbolic when the guiding system540

is perturbed would require more in-depth analysis), and a stable invariant torus.541

A magnification of the first case from ?? is shown in ?? to more closely reveal the542

comparison between the fast oscillations of the exact system, and the slow oscillations543

of the averaged system.544
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Fig. 7. Solutions of the system exhibiting a saddle-focus. Initial conditions (x1, x2) = (0.1, 0). In
all cases we take µ = −0.2 (as µ > 0 merely gives diverging solutions). Other parameters are given
in the figure. Forward-time solutions shown only, showing the exact solutions for x1/x2, components in
blue/green, and averaged system x1/x2, in dotted red/orange. The top row shows systems with unstable
equilibria for c0 = 2, c1 = 0, and different ε values. The bottom row shows system where the guiding
system has for different c1 and c0 values (from left to right): a stable equilibrium, a centre, a stable limit
cycle, respectively.
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Fig. 8. Zoom in on a case of ??, showing the difference between exact and averaged solution.
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4. Preliminaries. In this section, we introduce the basic framework necessary545

to prove in ?? the theorems from ??. The reason for this introduction is twofold: it546

should help the reader’s comprehension, avoiding long detours in multiple different547

references; and it should also establish notation and nomenclature.548

The material herein presented is already known, but we include proofs where the549

steps and notation are essential to the ensuing analysis.550

4.1. The Poincaré map and the displacement function of order ℓ. The551

use of displacement functions to study Poincaré maps has numerous examples in the552

literature (see, for instance, [?, ?, ?, ?]). It reduces the problem of finding fixed points553

of a Poincaré map Π to searching for zeroes of a displacement function ∆. Recall that554

here our interest is in singular zeroes of the guiding system at the origin for µ = 0,555

that is, satisfying the conditions ???? at the start of ??.556

If x(t, x0, µ, ε) denotes the solution of ?? satisfying x(0, x0, µ, ε) = x0, then the557

family of stroboscopic Poincaré maps Π is given by Π(x0, µ, ε) := x(T, x0, µ, ε). The558

fact that this map is well-defined at least locally is guaranteed by the following result.559

Lemma 4.1. Let p ∈ D be given. There are a neighbourhood Up of p, a compact560

K ⊂ Σ containing the origin, and εM > 0 such that, for each (x0, µ, ε) ∈ Up ×K ×561

[−εM , εM ], the solution t 7→ x(t, x0, µ, ε) of ?? is well-defined for t ∈ [0, T ]. It is also562

smooth in (x0, µ, ε) in that domain.563

Proof. Let G(t, x, µ, ε) =
∑N

i=1 ε
i−1gi(x) + εNrN (t, x, µ, ε), so that ?? can be564

written ẋ = εG(t, x, µ, ε). Choose δ > 0 such that the open ball Bp(2δ) centered at p565

is contained in D, and let K ⊂ Σ be a compact set containing the origin. Periodicity566

in time guarantees that M := sup{∥G(t, x, µ, ε)∥ : (t, x, µ, ε) ∈ R × Bp(2δ) × K ×567

[− ε0
2 ,

ε0
2 ]} is finite. Finally, choose εM := min

{
ε0
2 ,

δ
2TM

}
.568

Fix values of the parameters µ ∈ K and ε ∈ [−εM , εM ] and set Up := Bp(δ). By569

the Picard-Lindelöf Theorem, the solution t 7→ x(t, x0, µ, ε) of ?? with initial condition570

x0 ∈ Bp(δ) is defined on a maximum interval of existence I = (ω−(x0), ω
+(x0)) ⊂ R,571

with ω−(x0) < 0 and ω+(x0) > 0. It is sufficient for us to prove that ω+(x0) > T .572

By contradiction, assume that ω+(x0) ≤ T . This can only be if x(t, x0, µ, ε)573

leaves Bp(2δ) at some t∗ ∈ (0, T ], otherwise the solution would be well-defined by the574

Picard-Lindelöf Theorem. However, since x(t, x0, µ, ε) is a solution of ??, it follows575

that576

(4.1) ∥x(t∗, x0, µ, ε)− x0∥ ≤
∥∥∥∥∫ t∗

0

εG(x(s), x0, µ, ε)ds

∥∥∥∥ ≤ εMTM ≤ δ

2
.577

Therefore, considering that x0 ∈ Bp(δ), it follows at once that x(t∗, x0, µ, ε) ∈ Bp(2δ),578

which contradicts the definition of t∗. Smoothness follows from regularity of solutions579

of smooth differential equations with respect to initial conditions and parameters (see580

[?, Chapter V], for instance).581

We then introduce the displacement function ∆, given by582

∆(x0, µ, ε) = Π(x0, µ, ε)− x0

= εℓ
∫ T

0

gℓ(x(τ, x0, µ, ε), µ) + εRℓ(τ, x(τ, x0, µ, ε), µ, ε)dτ.
583

It is clear from ?? that ∆ is locally smooth near any point in D, and that zeroes of ∆584

correspond to fixed points of Π, which correspond to T -periodic solutions of ?? and,585

consequently, ??. Since our interest lies essentially on the case ε ̸= 0, let us dispose586
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of the εℓ term in the displacement function and define ∆ℓ : D̃ × Σ× (−ε0, ε0) → Rn587

by588

(4.2) ∆ℓ(x0, µ, ε) =

∫ T

0

gℓ(x(τ, x0, µ, ε), µ) + εRℓ(τ, x(τ, x0, µ, ε), µ, ε)dτ.589

Throughout this paper, we will call ∆ℓ the displacement function of order ℓ. Once590

again, it follows from ?? that ∆ℓ must be smooth near any chosen singular point in591

the domain for values of the parameters close to zero. The key step in our analysis592

is noticing that ?? guarantees that ∆ℓ provides an unfolding of the germ of the map593

x 7→ Tgℓ(x, 0). The notions of unfolding and germ will be summarized in ??.594

Observe that, by definition,595

(4.3) Π(x0, µ, ε) = x0 + εℓ∆ℓ(x0, µ, ε).596

This identity is essential to our analysis as it relates the Π Poincaré map and the597

displacement function ∆ℓ of order ℓ. More precisely, it is easy to establish from ??598

that MΠ can be identified with the set Z∆ℓ
∪ {(x, µ, 0) : (x, µ) ∈ D × Σ}, where Z∆ℓ

599

is the set of zeroes of ∆ℓ. The study of MΠ can then be performed by analysing the600

zeroes of the displacement function of order ℓ.601

4.1.1. Fixed points and zeroes. When referring to and classifying zeroes of602

families of functions, we use the following definition.603

Definition 4.2. Let U be an open subset of Rn, n ∈ N, and V an open subset of604

Rk, k ∈ N, and F : U × V → Rm be any family of functions. We define605

(a) the zero set of F by ZF = {(x, η) ∈ U × V : F (x, η) = 0};606

(b) the function Fη : U → Rm, where η ∈ V , by Fη(x) = F (x, η);607

(c) the zero set of Fη, where η ∈ V , by ZF (η) = {x ∈ U : F (x, η) = 0}.608

Elements of ZF and ZF (η) are called, respectively, zeroes of F and zeroes of Fη.609

We can then connect fixed points of Π with zeroes of ∆ℓ, as well as expressing MΠ610

with the help of the set of zeroes of ∆ℓ. The proofs of these follow directly from ??.611

Proposition 4.3. Let µ ∈ Σ and ε ∈ (−ε0, ε0) \ {0} be given. Then, x ∈ D is a612

fixed point of x 7→ Π(x, µ, ε) if, and only if, (x, µ, ε) is a zero of ∆ℓ.613

Corollary 4.4. MΠ = Z∆ℓ
∪ {(x, µ, 0) : (x, µ) ∈ D × Σ}.614

4.2. Germs and K-equivalence.615

4.2.1. Germs. An important concept in singularity theory is that of germs.616

Essentially, a germ of an object captures only its only local properties. It is usually617

expressed as an equivalence class. We define that concept below, and set the notation618

we will be adopting throughout the remainder of the paper.619

For convenience, we assume without loss of generality that the point near which620

our analysis is done will always be the origin, and we say that U ∈ N0(S) if U is an621

open neighbourhood of the origin contained in the set S. The first two definitions622

build the concept of germs of maps.623

Definition 4.5. Let n, p ∈ N and U,U ′ ∈ N0(Rn). Two maps f : U → Rp and624

g : U ′ → Rp are said to be germ-equivalent at the origin if there is U ′′ ∈ N0(U ∩ U ′)625

such that f |U ′′ = g|U ′′ .626
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Definition 4.6. Let n, p ∈ N and U ∈ N0(Rn). The germ of a map f : U → Rp627

at the origin is the equivalence class [f ] of f under germ-equivalence at the origin.628

The set of germs of functions from Rn to Rp at the origin is denoted by Ep
n. If p = 1,629

we usually simplify the notation to simply En630

The set Ep
n is a vector space over R with the naturally induced operations of sum of631

functions and product of a function by a real number. En is itself a ring with the632

usual operations of sum and product of real-valued functions, and Ep
n can be also seen633

as the free module of rank p over En, i.e, any [f ] ∈ Ep
n can be seen as a p-sized vector634

with entries in En.635

In singularity theory, it is usually useful to distinguish the special class of germs636

of diffeomorphisms as follows.637

Definition 4.7. Let n ∈ N. [ϕ] ∈ En
n is said to be the germ of a local diffeomor-638

phism at the origin if there is one element ϕ in the class [ϕ] for which639

1. ϕ(0) = 0;640

2. Dϕ(0) is invertible.641

The set of germs of local diffeomorphisms at the origin on Rn is denoted by Ln.642

Observe that Ln is a group under the natural operation induced by composition.643

Moreover, the group Ln acts on Ep
n on the right by the operation induced naturally644

by composition.645

From now on, we adopt the notation [f ] : (Rn, 0) → (Rp, 0) to mean that [f ] ∈ Ep
n646

and that f(0) = 0. Equivalently, we may say that [f ] ∈ Zp
n. We proceed now to the647

crucial concept of unfolding of a germ.648

Definition 4.8. A k-parameter unfolding of a germ [f ] : (Rn, 0) → (Rp, 0) is a649

germ [F̃ ] : (Rn+k, 0) → (Rp+k, 0) such that650

1. a representative F̃ of [F̃ ] is of the form F̃ (x, η) = (F (x, η), η);651

2. F (x, 0) = F0(x) = f(x).652

The set of k-parameter unfoldings is denoted by Zp
n,k. More specifically, the set of653

k-parameter unfoldings of the identity in Rn is denoted by Ln,k.654

Finally, we present some algebraic definitions that will be useful when defining655

K-equivalence.656

Definition 4.9. GLp(En) is the set of p× p matrices [M ] with entries in En and657

for which detM(0) ̸= 0.658

Any [M ] ∈ GLp(En) acts on Ep
n as matrix-vector multiplication with entries in En.659

4.2.2. K-equivalence. The concept of K-equivalence - also known as contact660

equivalence (see [?, ?, ?]) or V-equivalence (see [?]) - is part of the standard theory661

of singularities. We briefly introduce it here, confined to what is necessary to our662

discussion. The interested reader is referred to the more thorough presentation in [?].663

Definition 4.10. Two germs [f ], [g] ∈ Zp
n are said to be K-equivalent if there664

are [ϕ] ∈ Ln and [M ] ∈ GLp(En) such that [f ] = [M ] · [g] ◦ [ϕ].665

The concept of K-equivalence can also be used to study families of maps, through666

the ideas of K-induction and K-equivalent unfoldings, which are developed in the next667

definitions.668

Definition 4.11. Two unfoldings [F̃ ], [G̃] ∈ Zp
n,k of the same germ [f ] ∈ Zp

n669

are said to be K-isomorphic if, for any representatives F̃ (x, η) = (F (x, η), η) and670

G̃(x, η) = (G(x, η), η) of [F̃ ] and [G̃], respectively, there are a smooth function α,671

defined on a neighbourhood U ×V of the origin in Rn×Rk and satisfying α(x, 0) = x,672
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and a smooth matrix function Q, also defined on U × V and satisfying Q(x, 0) = Ip,673

such that the identity674

(4.4) F (x, η) = Q(x, η) ·G(α(x, η), η)675

holds in U × V .676

Definition 4.12. Let [F̃ ] ∈ Zp
n,l and [h] : (Rk, 0) → (Rl, 0). The pullback of [F̃ ]677

by [h], denoted by [h]∗[F̃ ], is the unfolding [P̃ ] ∈ Zp
n,k given by678

(4.5) P̃ (x, η) = (F (x, h(η)), η).679

Definition 4.13. The unfolding [F̃ ] ∈ Zp
n,k of the germ [f ] ∈ Zp

n is said to be K-680

induced by the unfolding [G̃] ∈ Zp
n,l of the same germ via [h] : (Rk, 0) → (Rl, 0) if the681

unfoldings [F̃ ] and [h]∗[G̃] are K-isomorphic. In other words, if F̃ (x, η) = (F (x, η), η),682

G̃(x, ξ) = (G(x, ξ), ξ), and h(η) are representatives of [F̃ ], [G̃], and [h], respectively,683

there are neighbourhoods of the origin U ⊂ Rn, V ⊂ Rk, and smooth functions α :684

U × V → Rn and Q : U × V → Rp×p such that h(0) = 0, α(x, 0) = x, Q(x, 0) = Ip,685

and686

(4.6) F (x, η) = Q(x, η) ·G(α(x, η), h(η))687

for (x, η) ∈ U × V .688

Definition 4.14. The unfolding [F̃ ] ∈ Zp
n,k of the germ [f ] ∈ Zp

n is said to be689

K-equivalent to the unfolding [G̃] ∈ Zp
n,k of the same germ if there is [h] ∈ Lk such690

that the unfolding [F̃ ] is K-induced by [G̃] via [h].691

4.2.3. Versality and codimension. One of the central concepts of singularity692

theory is that of versality. In essence, an unfolding of a germ of a map is said to be693

versal if it induces all other possible unfoldings of the same germ. This means that694

all the possible unfoldings of that germ are codified in a versal unfolding, so that a695

versal unfolding carries all the information needed to unfold a germ.696

Naturally, different equivalence relations give rise to different notions of induction697

and equivalence, and thus also different notions of versality. In this paper, we are698

interested in K-versality, i.e, versality with respect to K-equivalence.699

Definition 4.15. The unfolding [F̃ ] ∈ Zp
n,k of the germ [f ] ∈ Zp

n is said to be700

K-versal, if any other unfolding [G̃] ∈ Zp
n,k of [f ] is K-induced by [F̃ ] via the germ701

of some mapping [h].702

The theory of singularities provides a number of results aimed at verifying K-703

versality, one of the its products being the important concept of codimension of a704

germ. Below, we present those results and the concepts involved. With the exception705

of ??, for which we provide a proof on account of its specificity, all other proofs are706

well-known and can be found, for instance, in [?].707

Definition 4.16. Let X0
n be the set of germs of n-dimensional vector fields at708

the origin having zero as equilibrium and M0
p be the set of germs of matrix functions709

Rn → Rp×p at the origin of Rn. The extended K-tangent space of a germ [f ] ∈ Zp
n is710

defined as the subspace of the vector field Ep
n given by711

(4.7) TK,ef := {[Df ] · [X] + [M ] · [f ] : [X] ∈ X0
n, [M ] ∈ M0

p }.712
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Definition 4.17. The K-codimension of a germ [f ] ∈ Zp
n, denoted by the symbol713

codimK([f ]), is the codimension in Ep
n of the linear subspace TK,ef , or, which is the714

same,715

(4.8) codimK([f ]) = dim (Ep
n/TK,ef) .716

Having defined codimension in the context of K-equivalence, we proceed to stating717

two fundamental results relating versality and codimension.718

Proposition 4.18. Two K-equivalent germs have the same K-codimension.719

Theorem 4.19. Let [f ] ∈ Zp
n be such that codimK([f ]) = d. The following hold:720

1. An unfolding [F̃ ] ∈ Zp
n,k of [f ] with a representative of the form

F̃ (x, η1, . . . , ηk) = (F (x, η1, . . . , ηk), η1, . . . , ηk)

is K-versal if, and only if,721

TK,ef + spanR

([
∂F

∂η1

∣∣∣
η=0

]
, . . . ,

[
∂F

∂ηk

∣∣∣
η=0

])
= Ep

n.722

2. There is [H̃] ∈ Zp
n,d that is a K-versal unfolding of [f ].723

3. If [F̃ ], [G̃] ∈ Zp
n,k are K-versal unfoldings of [f ], then they are K-equivalent.724

The concept of codimension is extremely important in the context of this paper725

because of its role defining the concept of K-universality.726

Definition 4.20. Let [f ] ∈ Zp
n be such that codimK([f ]) = d. A K-versal un-727

folding [F̃ ] ∈ Zp
n,k of [f ] is said to be K-universal if k = d, that is, the number of728

parameters of the unfolding [F̃ ] is equal to the codimension of [f ].729

An important property of the codimension of a germ is established by ??. ??, on730

the other hand, characterizes K-universal unfoldings.731

Proposition 4.21. Let [f ] ∈ Zp
n be such that codimK([f ]) = d. Then, d is the732

minimal number of parameters that an unfolding of [f ] must have to be K-versal.733

Proposition 4.22. An unfolding [F̃ ] ∈ Zp
n+k of [f ] ∈ Znp is K-universal if, and734

only if,735

1.

{[
∂F
∂η1

∣∣∣
η=0

]
, . . . ,

[
∂F
∂ηk

∣∣∣
η=0

]}
⊂ Ep

n is linearly independent;736

2. TK,ef ⊕ spanR

([
∂F
∂η1

∣∣∣
η=0

]
, . . . ,

[
∂F
∂ηk

∣∣∣
η=0

])
= Ep

n.737

We now define the pushforward of an unfolding, a concept that will be important738

for establishing the idea of equivalent families of two distinct but equivalent germs.739

Definition 4.23. Let [F̃ ] ∈ Zp
n,k be an unfolding of the germ [f ] ∈ Zp

n. For any740

given pair ([M ], [ϕ]) ∈ GLp(En)×Ln, the pushforward of [F̃ ] by ([M ], [ϕ]), denoted by741

([M ], [ϕ]) ∗ [F̃ ] is defined as the unfolding of the germ [fpush] = [M ] · [f ] ◦ [ϕ] whose742

representative F̃push(x, η) = (Fpush(x, η), η) satisfies743

(4.9) Fpush(x, η) =M(x) · F (ϕ(x), η),744

in a neighbourhood of the origin.745

The pushforward has the important property of preserving induction, as proved746

in the next proposition.747
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Proposition 4.24. Let [f ] ∈ Zp
n and ([M ], [ϕ]) ∈ GLp(En) × Ln. The pushfor-748

ward ([M ], [ϕ])∗ is a bijective map between the set of unfoldings of [f ] and unfoldings749

of [fpush] = [M ] · [f ] ◦ [ϕ] that preserves K-induction.750

Proof. It is bijective because it has an inverse given by ([M−1], [ϕ−1]).751

Suppose that [G̃] ∈ Ep
n,l is K-induced by [F̃ ] via [h]. Then, there are neighbour-752

hoods of the origin U ⊂ Rn, V ⊂ Rk, and smooth functions α : U × V → Rn and753

Q : U × V → Rp×p such that h(0) = 0, α(x, 0) = x, Q(x, 0) = Ip, and754

(4.10) G(x, η) = Q(x, η) · F (α(x, η), h(η))755

for (x, η) ∈ U × V .756

Define [F̃push] = ([M ], [ϕ]) ∗ [F̃ ] and [G̃push] = ([M ], [ϕ]) ∗ [G̃]. By definition, if757

F̃push(x, η) = (Fpush(x, η), η) and G̃push(x, η) = (Gpush(x, η), η) are representatives,758

then759

(4.11) Gpush(x, η) =M(x) ·Q(ϕ(x), η) · F (α(ϕ(x), η), h(η)).760

Setting β(x, η) = ϕ−1(α(ϕ(x), η)) and S(x, η) = M(x)Q(ϕ(x), η)M−1(x), it follows761

that762

(4.12) Gpush(x, η) = S(x, η) · Fpush(β(x, η), h(η)),763

which proves that [G̃push] is K-induced by [F̃push] via [h].764

Corollary 4.25. The pushforward of K-equivalent unfoldings are K-equivalent.765

Also, the pushforward of a K-versal unfolding is K-versal.766

4.3. The averaging method: a brief presentation. A widely used technique767

for analysing non-linear oscillatory systems under small perturbations is the averaging768

method. This method has been rigorously formalized in a series of works starting with769

Fatou [?] and including those by Krylov and Bogoliubov [?], Bogoliubov [?], and later770

by Bogoliubov and Mitropolsky [?]. However, its origins can be traced back to the771

early perturbative methods applied in the study of solar system dynamics by Clairaut,772

Laplace, and Lagrange. For a concise historical overview of averaging theory, see [?,773

Chapter 6] and [?, Appendix A].774

In this section, we briefly introduce this method and provide explicit formulas for775

calculating the terms appearing in the definition of ∆ℓ, the displacement function of776

order ℓ.777

4.3.1. Main concepts. Averaging theory is usually built around systems of778

the form ??, which are said to be in the standard form. A key result of this theory779

concerns the possibility of moving time-dependency to higher orders of the parameter,780

and can be stated as follows (see [?, Lemma 2.9.1] for a proof).781

Lemma 4.26. There is a smooth near-identity map782

(4.13) X = U(t, z, µ, ε) = z +

k∑
i=1

εi ui(t, z, µ),783

T -periodic in t, that transforms differential system (??) into784

(4.14) z′ =

k∑
i=1

εigi(z, µ) + εk+1rk(t, z, µ, ε),785

with each of the functions on the right-hand side being smooth.786
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By imposing the existence of such a transformation and, then, solving homological787

equations, the functions ui and gi, for i ∈ {1, 2, . . . , k}, can be recursively obtained.788

In general,789

g1(z, µ) =
1

T

∫ T

0

F1(t, z, µ)dt790

but, for i ∈ {2, . . . , k}, such functions are not unique. Nevertheless, by imposing791

additionally the stroboscopic condition792

U(z, 0, µ, ε) = z,793

each gi becomes uniquely determined, which is referred to as the stroboscopic averaged794

function of order i (or simply ith-order averaged function) of (??). red If the original795

system is only of class Cd for some d ∈ N∗, there is generally loss of one derivative796

for each newly calculated order of the averaged functions.797

The primary objective of the averaging method consists in estimating the solutions798

of the non-autonomous original differential equation (??) by means of the following799

autonomous differential equation800

(4.15) z′ =

k∑
i=1

εigi(z, µ),801

which corresponds to the truncation up to order k in ε of the differential equation802

(??). Accordingly, for sufficiently small |ε| ≠ 0, the solutions of (??) and (??), with803

identical initial condition, remain εk-close over an interval of time of size O(1/ε) (see804

[?, Theorem 2.9.2]).805

The averaging method has shown to be highly effective in detecting the emergence806

of invariant structures of (??) that originate from hyperbolic invariant structures of807

the autonomous differential equation808

(4.16) z′ = gℓ(z),809

where gℓ is the first averaged function that is not identically zero. As we have men-810

tioned in ??, (??) is known as guiding system. A classical result of averaging theory811

in this context asserts the birth of an isolated periodic solution of (??) provided that812

the guiding system (??) has a simple equilibrium (see, for instance, [?, ?]). This813

result has been extended to settings with less regularity [?, ?, ?, ?, ?, ?, ?]. More814

recently, in [?, ?], this result has been generalized to detect higher-dimensional struc-815

tures. Specifically, it has been proven that the differential equation (??) possesses an816

invariant torus, provided there is a hyperbolic limit cycle in the the guiding system817

(??) (see also [?]).818

4.3.2. Calculation of the averaged functions. As recently highlighted in [?],819

the averaging method is strictly related with the Melnikov method, which consists in820

expanding the solutions X(t,X0, µ, ε) of (??), satisfying X(0, X0, µ, ε) = X0, around821

ε = 0 as (see [?, ?])822

(4.17) X(t,X0, µ, ε) = X0 +

k∑
i=1

εi
yi(t,X0, µ)

i!
+ εk+1rk(t,X0, µ, ε),823
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where824

(4.18)

y1(t,X0, µ) =

∫ t

0

F1(s,X0, µ) ds

yi(t,X0, µ) =

∫ t

0

(
i!Fi(s,X0, µ) +Ki(s,X0, µ)

)
ds, and

Ki(s,X0, µ) =

i−1∑
j=1

j∑
m=1

i!

j!
∂mx Fi−j(s,X0, µ)Bj,m

(
y1, . . . , yj−m+1

)
(s,X0, µ),

825

for i ∈ {2, . . . , k}. Here, Bp,q refers to the partial Bell polynomials [?]. This formula826

can be easily implemented in algebraic softwares such as Mathematica and Maple.827

From (??), the stroboscopic Poincaré map becomes828

Π(X0, µ, ε) = X(T,X0, µ, ε) = X0 +

k∑
i=1

εifi(X0, µ) + εk+1Rk(X0, µ, ε)829

where Rk(X0, µ, ε) = rk(T,X0, µ, ε) and, for each i,830

(4.19) fi(X0, µ) =
yi(T,X0, µ)

i!
831

Notice that f1 = Tg1. The function fi is referred to as the Poincaré-Pontryagin-832

Melnikov function of order i or simply ith-order Melnikov function (and sometimes833

also averaged functions, see for instance [?]).834

A formula connecting averaged and Melnikov functions was established in [?,835

Theorem A], given by836

(4.20)
g1(z, µ) =

1

T
f1(z, µ),

gi(z, µ) =
1

T
(fi(z, µ)−Θ(z, µ)) ,

837

with ỹi(t, z, µ), for i ∈ {1, . . . , k}, being recursively defined by838

(4.21)
ỹ1(t, z, µ) =t g1(z, µ)

ỹi(t, z, µ) =i!t gi(z, µ) + Θ(z, µ),
839

and with840

(4.22) Θ(z, µ) =

i−1∑
j=1

j∑
m=1

i!

j!
dmgi−j(z, µ)

∫ t

0

Bj,m

(
ỹ1, . . . , ỹj−m+1

)
(s, z, µ)ds.841

This formula facilitates the calculation of the averaged functions without the need842

to handle the near-identity transformation (??) and solving homological equations.843

For a practical implementation of this formula, we refer to [?, Appendix A], where a844

Mathematica algorithm is provided for computing the averaging functions.845

As described in ??, the guiding system (??) plays a crucial role in averaging846

theory and is defined by the first averaged function that is not identically zero. In847

the following proposition, easily computable formulae are provided for this function,848

as well as for some of the subsequent averaged functions, using Melnikov functions.849
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Proposition 4.27. [?, Proposition 1] Let ℓ ∈ {2, . . . , k}. If either f1 = · · · =850

fℓ−1 = 0 or g1 = · · · = gℓ−1 = 0, then851

gi =
1

T
fi, for i ∈ {1, . . . , 2ℓ− 1},852

and853

g2ℓ(z, µ) =
1

T

(
f2ℓ(z, µ)−

1

2
dfℓ(z, µ) · fℓ(z, µ)

)
.854

5. Proof of theorems. This section contains the proofs for all the theorems855

stated in ??, as well as some novel auxiliary results that are used in those proofs.856

5.1. Auxiliary results: zero sets and K-equivalence. We first present and857

prove some useful (albeit slightly technical) results concerning the set of zeroes of858

different unfoldings of the same germ. The general idea of K-equivalence preserving859

the zero sets of germs, and thus being useful in the study of bifurcations, is well-860

known (see [?, ?]), we prove a precise formulation suited to our context here, to more861

easily consider strongly-fibred diffeomorphisms, maintaining the difference between862

the “bifurcation” parameters µ and the perturbation parameter ε.863

Lemma 5.1. Let [F̃ ], [G̃] ∈ Zp
n,k be unfoldings of, respectively, [f ], [g] ∈ Zp

n. As-864

sume that [f ] and [g] are K-equivalent and let ([M ], [ϕ]) ∈ GLp(En)×Ln be such that865

[g] = [M ] · [f ] ◦ [ϕ]. Also, let F̃ : D×Σk → Rp ×Rk, G̃ : D×Σk → Rp ×Rk be repre-866

sentatives of [F̃ ] and [G̃] of the form F̃ (x, η) = (F (x, η), η) and G̃(x, η) = (G(x, η), η).867

If [G̃] is K-equivalent to ([M ], [ϕ]) ∗ [F̃ ] via [h], there are W ∈ N0(D × Σ) and868

a diffeomorphism Φ : W → EΦ, satisfying Φ(x, η) = (Φ1(x, η),Φ2(η)) ∈ Rn × Rk,869

Φ(x, 0) = (ϕ(x), 0), and870

(5.1) ZF ∩ EΦ = Φ(ZG ∩W ) .871

Additionally, if F is independent of the last kF ∈ {0, 1, . . . , k − 1} entries of η =872

(η1, . . . , ηk) and h = (h1, . . . , hk) is such that873

(5.2) det

[
∂ (h1, . . . , hk−kF

)

∂(η1, . . . , ηk−kF
)
(0, 0)

]
̸= 0;874

then Φ2 can be chosen as Φ2(η) = (h1(η), . . . , hk−kF
(η), ηk−kF+1, . . . , ηk). In partic-875

ular, Φ2 = h can be chosen regardless of F .876

Proof. Since [G̃] is K-equivalent to ([M ], [ϕ]) ∗ [F̃ ] via the local diffeomorphism877

germ [h], then a representative h : Σ′
k → Σ′

k is such that h(0) = 0 and Dh(0) is878

invertible. We can assume that Σ′
k ∈ N0(Σk) is sufficiently small to ensure that879

Dh(η) is invertible on Σ′
k. Moreover, there are U0 ∈ N0(D), V0 ∈ N0(Σ

′
k), and880

smooth functions Q(x, η) and α(x, η) such that Q(x, 0) = Ip, α(x, 0) = x, and881

(5.3) G(x, η) = Q(x, η)M(α(x, η))F (ϕ(α(x, η)), h(η))882

for any (x, η) ∈ U0 × V0. Without loss of generality, we assume that U0 ⊂ D883

Since α and Q are smooth, α(x, 0) = x, and Q(x, 0) = Ip, we can find U1 ∈ N0(U0)884

and V1 ∈ N0(V0) sufficiently small as to guarantee that Dαη(x) and Q(x, η) are885

invertible for (x, η) ∈ U1 × V1 and that α(U1 × V1) is in contained in a set where M886

and ϕ are invertible.887
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Define W = U1 × V1 and Φ(x, η) = (ϕ(α(x, η)), h(η)), which is clearly of the888

desired form. Since889

(5.4) detDΦ(x, η) = detDϕ(α(x, η)) · detDαη(x) · detDh(η),890

it follows that DΦ(x, η) is invertible for (x, η) ∈W . Hence, Φ is a diffeomorphism on891

W , and it is easy to see that Φ(x, 0) = (ϕ(x), 0). Let EΦ be the image Φ(W ).892

For the relationship between the ZF and ZG, observe that, on the one hand, if893

(x, η) ∈ ZG ∩W , then, by ??,894

(5.5) F (Φ(x, η)) = F (ϕ(α(x, η)), h(η)) = (M(α(x, η)))
−1

(Q(x, η))
−1

G(x, η) = 0,895

so that Φ(x, η) ∈ ZG ∩ EΦ. On the other hand, if (y, ξ) ∈ ZF ∩ EΦ, ?? ensures that896

(x, η) := Φ−1(y, ξ) satisfies897

(5.6) G(x, η) = Q(x, η)M(α(x, η))F (Φ(x, η)) = Q(x, η)G(y, ξ) = 0,898

so that Φ−1(y, ξ) ∈ ZG ∩W . This proves ??.899

Suppose now that the additional hypotheses of ?? hold, that is, F is independent900

of the last kF < k entries of η and ?? is valid. Define901

(5.7) hFib(η) = (h1(η), . . . , hk−kF
(η), ηk−kF+1, . . . , ηk) ,902

It is easy to see that ?? ensures hFib is a local diffeomorphism near the origin.903

Moreover, the independence of F with respect to its last kF entries guarantees that904

?? still holds after replacing h with hFib.905

By retracing the steps of the proof with this new hFib, we obtain the analogous906

of ?? with Φ replaced by ΦFib(x, η) = (ϕ(α(x, η)), hFib(η)), which is clearly of the907

desired form.908

Remark 5.2. Two unfoldings [F̃ ], [G̃] ∈ Zp
n,k of K-equivalent germs satisfying the909

hypotheses of ?? are said to be K-equivalent as families, even though it should be kept910

in mind that they are not unfoldings of the same germ, and thus cannot be considered911

equivalent unfoldings.912

red The hypothesis of independence of F with respect to the last entries of η913

may seem quite arbitrary at a first glance, and thus merits an explanation. It is914

motivated by our implicit technical assumption in stating the lemma that F and G915

unfold equivalent germs using the same number k of parameters. Frequently that is916

not true, in which case we equivalently say that the unfolding with less parameters is917

independent of a number of its entries.918

In fact, in order to prove ??, we will make use of the unfolding ∆ℓ(x, µ, ε) of919

the singular germ x 7→ gℓ(x, 0) with one extra parameter (ε) than strictly required920

by its codimension. An application of ?? with the special form of Φ2 that explicitly921

maintains the separation of ε from the rest of the parameters - i.e., choosing Φ as a922

strongly fibred diffeomorphism - is what then allows us to compare the catastrophe923

surfaceMΠ with the suspension of the catastrophe surface of Zgℓ , as will be explained924

in ??.925

The next result is used to connect our hypothesis of K-universality to the hy-926

potheses of ??. It is an important technical step in proving the main theorem of this927

paper, ??.928

Lemma 5.3. Let [f ] ∈ Zp
n a germ of K-codimension d, and [H̃] ∈ Zp

n,d be a K-929

universal unfolding of [f ]. Also, let k ≥ 0 and [F̃ ] ∈ Zp
n, d+k be an unfolding of [f ].930
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Take H̃ : D × Σd → Rp × Rd and F̃ : D × Σd+k → Rp × Rd+k to be representatives931

of the form H̃(x, η) = (H(x, η), η), F̃ (x, η, ξ) = (F (x, η, µ), η, ξ), and assume that932

F (x, η, 0) = H(x, η).933

Suppose that [F̃ ] is K-induced by [H̃] via [h] : (Rd+k, 0) → (Rd, 0). Then,934

(5.8) det

(
∂h

∂η
(0, 0)

)
̸= 0.935

Proof. Since [F̃ ] is K-induced by [H̃] via [h], it follows that there are U0 ∈ N0(D),936

V0 ∈ N0(Σd+k), and smooth functions Q(x, η, ξ) and α(x, η, ξ) such that Q(x, 0, 0) =937

Ip, α(x, 0, 0) = x, and938

(5.9) F (x, η, ξ) = Q(x, η, ξ) ·H(α(x, η, ξ), h(η, ξ)).939

By hypothesis, F (x, η, 0) = H(x, η), so that we obtain from ?? that940

(5.10) H(x, η) = Q(x, η, 0) ·H(α(x, η, 0), h(η, 0)).941

For each x, we have an identity of smooth functions of η, which can thus be differen-942

tiated at η = 0 in the direction of w ∈ Rd, yielding943

(5.11)

∂H

∂η
(x, 0) · w =

(
∂Q

∂η
(x, 0) · w

)
·H(x, 0)

+

(
∂H

∂x
(x, 0) · ∂α

∂η
(x, 0, 0) +

∂H

∂η
(x, 0) · ∂h

∂η
(0, 0)

)
· w.

944

Let w ∈ Rd be given such that945

(5.12)
∂h

∂η
(0, 0) · w = 0.946

We will show that w = 0, so that the derivative of h with respect to η at (0, 0) must947

be invertible. From ??, it follows that948

(5.13)
∂H

∂η
(x, 0) · w =

(
∂Q

∂η
(x, 0) · w

)
·H(x, 0) +

∂H

∂x
(x, 0) · ∂α

∂η
(x, 0, 0) · w949

Observe that, since H(x, 0) = f(x), the right-hand side of ?? is an element of the950

extended K-tangent space TK,ef . Moreover, it is clear that the left-hand side of the951

same identity belongs to the subspace952

(5.14) spanR

([
∂H

∂η1

∣∣∣
η=0

]
, . . . ,

[
∂H

∂ηd

∣∣∣
η=0

])
.953

Considering that, by hypothesis, [H̃] is a K-universal unfolding of f , we know by954

?? that955

(5.15) TK,εf ∩ spanR

([
∂H

∂η1

∣∣∣
η=0

]
, . . . ,

[
∂H

∂ηd

∣∣∣
η=0

])
= {0}.956

Thus, it follows at once that957

(5.16)
∂H

∂η
(x, 0) · w = 0.958
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If w ̸= 0, then there would be a non-trivial linear combination of elements of959

(5.17)

{[
∂H

∂η1

∣∣∣
η=0

]
, . . . ,

[
∂H

∂ηd

∣∣∣
η=0

]}
960

that vanishes, contradicting the linear independence of this family established in ??.961

Therefore, it follows that w = 0, concluding the proof.962

5.2. Persistence of catastrophes: Proof of ??. Having proved the auxiliary963

results above, the proof of our main result, ??, is as follows.964

By hypothesis, [H̃] ∈ Zn
n,k, defined by H̃(x, µ) = (H(x, µ), µ) = (gℓ(x, µ), µ)965

is a K-universal unfolding of the the germ [s] ∈ Zn
n given by s(x) = gℓ(x, 0). In966

particular, the unfolding [F̃ ] ∈ Zn
n, k+1 defined by F̃ (x, µ, ε) = (F (x, µ, ε), µ, ε) =967

(∆ℓ(x, µ, ε), µ, ε) is K-induced by [H̃]. Hence, let Q(x, µ, ε), α(x, µ, ε) and h(µ, ε) be968

such that969

(5.18) F (x, µ, ε) = Q(x, µ, ε) ·H(α(x, µ, ε), h(µ, ε))970

It is easy to see that, since ∆ℓ(x, µ, 0) = gℓ(x, µ), it follows that F (x, µ, 0) =971

H(x, µ). Thus, all the hypotheses of ?? are valid, ensuring that972

(5.19) det

(
∂h

∂µ
(0, 0)

)
̸= 0.973

Define [G̃] ∈ Zn
n, k+1 by G̃(x, µ, ε) = (G(x, µ, ε), µ, ε) = (gℓ(x, µ), µ, ε). In partic-974

ular, we have that G(x, µ, ε) = H(x, µ). Hence, ?? ensures that975

(5.20) F (x, µ, ε) = Q(x, µ, ε) ·G(α(x, µ, ε), hex(µ, ε)),976

where hex(µ, ε) = (h(µ, ε), ε), which is clearly a local diffeomorphism near the origin977

of Rk+1. Therefore, [F̃ ] is K-equivalent to [G̃] via [hex].978

Finally, an application of ?? guarantees the existence of a diffeomorphism Φ : U →979

V , satisfying Φ(x, µ, ε) = (Φ1(x, µ, ε),Φ2(µ, ε), ε) ∈ Rn×Rk×R, Φ(x, 0, 0) = (x, 0, 0),980

and981

(5.21) ZF ∩ V = Φ(ZG ∩ U) .982

By definition of G, it is clear that ZG ∩ U = (Zgℓ × R) ∩ U . Similarly, ZF ∩ V =983

Z∆ℓ
∩ V . Thus, considering ??, it follows that MΠ ∩ V = Φ((Zgℓ × R) ∩ U) ∪ Vε=0.984

The fact that Zgℓ ×{0} is invariant under Φ, follows from intersecting both sides of ??985

with the set {(x, µ, 0) ∈ R3}, because the last coordinate function of Φ is ε identically.986

In fact, by doing so, we obtain987

(5.22) (Zgℓ × {0}) ∩ V = Φ((Zgℓ × {0}) ∩ U) ,988

proving the invariance.989

5.3. Persistence of bifurcation diagrams: proof of ??. In this section, we990

make use of ?? to prove the ??, concerning the persistence of bifurcation diagrams of991

equilibria.992

Observe that Dℓ,0 is defined by ∆ℓ(x, µ, 0) = 0 and Dε by ∆ℓ(x, µ, ε) = 0. The993

fact that gℓ(x, µ) = ∆ℓ(x, µ, 0) is K-universal ensures that it is a submersion near (0, 0)994

(for a proof of this fact, see [?, Proposition 14.3]). Thus, by smoothness with respect995
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to ε, it follows that, for small fixed ε ̸= 0, (x, µ) 7→ ∆ℓ(x, µ, ε) is also a submersion996

near the origin. Hence, Dℓ,0 and Dε are smooth manifolds of codimension k by the997

Regular Value Theorem.998

The fact that Dε is O(ε)-close to Dℓ,0 follows from ??. In fact, since Dε can be999

obtained, for ε ̸= 0, by intersecting MΠ with the hyperplane attained by fixing ε,1000

it follows that that Dε is given by the image under Φ of Zgℓ × {Φ−1
3 (ε)}. Thus, if1001

ε′ := Φ−1
3 (ε),1002

(5.23) Dε = {(Φ1(x, µ, ε
′),Φ2(µ, ε

′)) : (x, µ, ε′) ∈ (Zgℓ × R ∩ U)}1003

Considering that, by definition, ε′ = O(ε) and that Φ is smooth, if follows that Dε is1004

O(ε)-close to1005

(5.24) {(Φ1(x, µ, 0),Φ2(µ, 0)) : (x, µ) ∈ Zgℓ},1006

which coincides with Zgℓ = Dℓ,0 by the invariance statement of ??. This concludes1007

the proof.1008

5.4. Proof of stabilisation of non-stable families: the transcritical case.1009

For a 1-dimensional vector field, the transcritical bifurcation is generally described1010

as occurring in a 1-parameter family, as two equilibria collide and pass through each1011

other, exchanging their stability properties. A normal form for the transcritical bi-1012

furcation is ẋ = µx+ x2.1013

Families displaying such behaviour are not stable, in that a small perturbation1014

generally changes the phase portraits and breaks the bifurcation. However, they are1015

still studied because they appear typically in 1-parameter families displaying a fairly1016

common property: existence of an equilibrium for every value of the parameter (see1017

[?, Section 3.4]).1018

Let us begin with a definition of the transcritical bifurcation based on the concept1019

of K-equivalence.1020

Definition 5.4. A 1-parameter family of 1-dimensional vector fields F (x, µ) is1021

said to undergo a transcritical bifurcation at the origin for µ = 0 if1022

1. The germ of f : x 7→ F (x, 0) at the origin is K-equivalent to the germ of1023

s1,0(x) = x2.1024

2. Let ([M ], [ϕ]) ∈ GLn(En) × Ln be such that [f ] = [M ] · [s1,0] ◦ [ϕ]. The1025

pushforward ([M ], [ϕ]) ∗ [Ũ ] of the unfolding [U ] ∈ Z1
1,1, given by Ũ(x, µ) =1026

(U(x, µ), µ) and U(x, µ) = µx + x2, is K-equivalent to [F̃ ] via the identity,1027

where F̃ (x, µ) = (F (x, µ), µ).1028

The definition essentially states that a transcritical family is characterized by a singu-1029

larity whose unfolding is, up to K-equivalence, given by the normal form x 7→ µx−x2.1030

We now consider what happens when a transcritical bifurcation occurs in a guiding1031

system.1032

The important observation is that the normal form µx + x2 of the transcritical1033

can be ‘embedded’ into the versal family λ+z2 of the fold, by taking (z(x, µ), λ(µ)) =1034

(x + µ/2,−µ2/4). ?? can then be applied to the versal family λ + y2, so that the1035

bifurcation diagram of periodic orbits must be given by zeros of an O(ε)-perturbation1036

of it. In essence the possible bifurcation diagrams for a fixed ε ̸= 0 are given by1037

η(ε)+λ+ y2 = 0, which, returning to the original coordinates, is η(ε)+µx+x2. One1038

can check that two different diagrams emerge depending on the sign of η(ε). Namely,1039

two nearby folds if η > 0 and two approaching zeros that suffer no bifurcation if η < 0.1040
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5.4.1. The canonical form of the displacement function.1041

Proposition 5.5. Let n = k = 1 and suppose that the guiding system ẋ =1042

gℓ(x, µ) undergoes a transcritical bifurcation at the origin for µ = 0. Then, there1043

are ε1 ∈ (0, ε0), an open interval I containing 0 ∈ R, an open neighbourhood UΣ ⊂ Σ1044

of 0, and smooth functions ζ,Q : I × UΣ × (−ε1, ε1) → R, a, S : UΣ × (−ε1, ε1) → R,1045

and b : (−ε1, ε1) → R such that1046

(T.I) If ∆ℓ is the displacement function of order ℓ of ??, then1047

∆ℓ(x, µ, ε) = Q(x, µ, ε)
(
ζ2(x, µ, ε) + S(µ, ε)a2(µ, ε) + S(µ, ε)b(ε)

)
1048

for (x, µ, ε) ∈ I × UΣ × (−ε1, ε1).1049

(T.II) For each (µ, ε) ∈ UΣ × (−ε1, ε1), the map ζ(µ,ε) : x 7→ ζ(x, µ, ε) is a diffeo-1050

morphism on the interval I.1051

(T.III) For each ε ∈ (−ε1, ε1), aε : µ 7→ a(µ, ε) is a diffeomorphism on UΣ.1052

(T.IV) b(0) = 0, a(0, 0) = 0, ζ(0, 0, 0) = 0, and sign (Q(0, 0, 0)) = sign
(

∂2gℓ
∂x2 (0, 0)

)
.1053

(T.V) S(µ, ε) < 0 for any (µ, ε) ∈ UΣ × (−ε1, ε1).1054

Proof. We begin by observing that ∆ℓ(x, µ, 0) = Tgℓ(x, µ), by definition of the1055

displacement function of order ℓ. Let [s1,0] be as in ?? and [F̃ ] be the 2-parameter1056

unfolding of f : x 7→ Tgℓ(x, 0) given by F̃ (x, µ, ε) = (∆ℓ(x, µ, ε), µ, ε). By hypothesis,1057

there are P (x, µ) ∈ R and ψ(x, µ) ∈ R such that1058

(5.25) ∆ℓ(x, µ, 0) = P (x, µ)
(
µψ(x, µ) + ψ2(x, µ)

)
1059

and, definingM(x) := P (x, 0), and ϕ(x) := ψ(x, 0), it holds that [f ] = [M ] · [s1,0]◦ [ϕ].1060

Let H̃(x, η) = (y2 + η, η) ∈ R × R. Since the 1-parameter unfolding [H̃] of1061

[s1,0] is K-versal, it follows that [F̃ ] must be K-induced by ([M ], [ϕ]) ∗ [H̃]. Hence,1062

there is a neighbourhood Ṽ1 := I × (−µ̃1, µ̃1)× (−ε̃1, ε̃1) of the origin in R1+1+1 and1063

smooth functions h(µ, ε) ∈ R, Q(x, µ, ε) ∈ R, and ζ(x, µ, ε) ∈ R such that h(0, 0) = 0,1064

Q(x, 0, 0) =M(x) ̸= 0, ζ(x, 0, 0) = ϕ(x), and1065

(5.26) ∆ℓ(x, µ, ε) = Q(x, µ, ε) ·
(
ζ2(x, µ, ε) + h(µ, ε)

)
.1066

Because ζ(x, 0, 0) = ϕ(x) is a local diffeomorphism, assuming that µ̃1 and ε̃1 are1067

sufficiently small, we can ensure that ζ(µ,ε) : x 7→ ζ(x, µ, ε) is a diffeomorphism on I1068

for any (µ, ε) ∈ (−µ̃1, µ̃1)× (−ε̃1, ε̃1).1069

Since [f ] = [M ] · [s1,0] ◦ [ϕ], it follows by twice differentiating at the origin that1070

(5.27) T
∂2gℓ
∂x2

(0, 0) = 2M(0) (ϕ′(0))
2
.1071

Considering that M(x) = Q(x, 0, 0), we obtain1072

(5.28) sign

(
∂2gℓ
∂x2

(0, 0)

)
= sign(M(0)) = sign (Q(0, 0, 0)) ̸= 0.1073

A combination of ???? yields1074

(5.29) P (x, µ)
(
µψ(x, µ) + ψ2(x, µ)

)
= Q(x, µ, 0) ·

(
ζ2(x, µ, 0) + h(µ, 0)

)
1075

Differentiating both sides of ?? with respect to µ at the origin and considering1076

that ψ(0, 0) = ζ(0, 0, 0) = ϕ(0) = 0, it follows that1077

(5.30)
∂h

∂µ
(0, 0) = 0.1078
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Now, differentiating both sides of ?? twice with respect to x at the origin and1079

considering that M(0) is invertible, we obtain1080

(5.31)

(
∂ψ

∂x
(0, 0)

)2

=

(
∂ζ

∂x
(0, 0, 0)

)2

.1081

Partial differentiation with respect to x and µ yields1082

(5.32)
∂ψ

∂x
(0, 0) + 2

(
∂ψ

∂µ
(0, 0)

)(
∂ψ

∂x
(0, 0)

)
= 2

(
∂ζ

∂x
(0, 0, 0)

)(
∂ζ

∂µ
(0, 0, 0)

)
.1083

Finally, differentiating both sides of ?? twice with respect to µ and considering ??,1084

we obtain1085

(5.33) 2
∂ψ

∂µ
(0, 0) + 2

(
∂ψ

∂µ
(0, 0)

)2

= 2

(
∂ζ

∂µ
(0, 0, 0)

)2

+
∂2h

∂µ2
(0, 0).1086

Squaring ?? and considering ??, it follows that1087

(5.34) 1 + 4
∂ψ

∂µ
(0, 0) + 4

(
∂ψ

∂µ
(0, 0)

)2

= 4

(
∂ζ

∂µ
(0, 0, 0)

)2

.1088

Hence, combining with ??, we obtain1089

(5.35)
∂2h

∂µ2
(0, 0) = −1

2
.1090

Considering ????, it follows from Taylor’s theorem that h(µ, 0) = µ2r(µ), where1091

r is smooth and r(0) = − 1
4 < 0. Hence, it is clear that [h0] = [r] · [s1,0], and [h0] is1092

K-equivalent to [s1,0]. Thus, as before, it follows that the 1-parameter unfolding [h]1093

of [h0] must be K-induced by ([r], [Id]) ∗ [H̃], that is, there are smooth real functions1094

S(µ, ε), a(µ, ε), and b(ε), defined on (−µ̃2, µ̃2) × (−ε̃2, ε̃2) ⊂ (−µ̃1, µ̃1) × (−ε̃1, ε̃1),1095

such that S(µ, 0) = r(µ), a(µ, 0) = µ, b(0) = 0, and1096

(5.36) h(µ, ε) = S(µ, ε) ·
(
a2(µ, ε) + b(ε)

)
.1097

holds locally near the origin. Since S(0, 0) = r(0) < 0, we can assume that µ̃2 and1098

ε̃2 are sufficiently small as to ensure that S(µ, ε) < 0 for any (µ, ε) ∈ (−µ̃2, µ̃2) ×1099

(−ε̃2, ε̃2). Moreover, they can be assumed sufficiently small to guarantee that aε is a1100

diffeomorphism as well.1101

5.4.2. Proof of ??. By definition of ∆ℓ, it is easy to see that1102

(5.37)
∂∆ℓ

∂ε
(0, 0, 0) = gℓ+1(0, 0),1103

which is non-zero by hypothesis. Let V := I × UΣ × (−ε1, ε1) as given in ??. Then,1104

?? ensures that1105

(5.38)
∂∆ℓ

∂ε
(0, 0, 0) = Q(0, 0, 0)S(0, 0)b′(0).1106

Thus, considering ????, it follows that1107

(5.39) b′(0) = σ
gℓ+1(0, 0)

|Q(0, 0, 0)S(0, 0)|
,1108
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where1109

(5.40) σ = sign

(
∂2gℓ
∂x2

(0, 0)

)
∈ {−1, 1}.1110

Now, ?? also ensures that ∆ℓ(x, µ, ε) = 0 is equivalent to1111

(5.41) b(ε) = − 1

S(µ, ε)
ζ2(x, µ, ε)− a2(µ, ε)1112

in V . Define Ψ(x, µ, ε) = (Ψ1(x, µ, ε),Ψ2(µ, ε),Ψ3(ε)) by1113

(5.42) Ψ1(x, µ, ε) =
ζ(x, µ, ε)√
−S(µ, ε)

, Ψ2(µ, ε) = a(µ, ε), Ψ3(ε) = b(ε).1114

Hence, Ψ is a strongly-fibred diffeomorphism onto its image U and ?? is itself equiv-1115

alent to1116

(5.43) Ψ3(ε) = (Ψ1(x, µ, ε))
2 − (Ψ2(µ, ε))

2
.1117

Thus, ∆ℓ(x, µ, ε) = 0 ⇐⇒ Ψ(x, µ, ε) ∈
{
(y, θ, η) ∈ R3 : η = y2 − θ2

}
. Defining Φ =1118

Ψ−1, it follows that ∆ℓ(x, µ, ε) = 0 ⇐⇒ (x, µ, ε) ∈ Φ
({

(y, θ, η) ∈ R3 : η = y2 − θ2
})

.1119

Furthermore, since Φ3(ε) = b−1(ε), it follows from ?? that1120

(5.44) sign (Φ′
3(0)) = σ · sign (gℓ+1(0, 0)) .1121

Finally, since ∆ℓ(x, µ, 0) = Tgℓ(x, µ), it is easy to see that, if we fix ε = 0, we have1122

gℓ(x, µ) = 0 ⇐⇒ (Ψ1(x, µ, 0))
2
= (Ψ2(µ, 0))

2
, proving that1123

(5.45) (Zgℓ × {0}) ∩ V = Φ
({

(y, θ, 0) ∈ R3 : y2 − θ2 = 0
}
∩ U

)
.1124

5.4.3. Description of the perturbed bifurcation. We now make use of the1125

results above to describe the behaviour of Π for values of the parameter near the1126

point of bifurcation. Essentially, we show that, in one direction of variation of ε,1127

the transcritical is broken into two nearby folds, whereas in the other no bifurcation1128

occurs.1129

We assume, without loss of generality, that1130

(5.46) sign

(
∂2gℓ
∂x2

(0, 0)

)
sign (gℓ+1(0, 0)) = 1,1131

which is equivalent to assuming the orientation of the saddle obtained for the ca-1132

tastrophe surface in ??. If this product is negative, the behaviour is analogous, but1133

mirrored with respect to the sign of the perturbation parameter ε.1134

Proposition 5.6. Let n = 1 and suppose the guiding system ẋ = gℓ(x, µ) un-1135

dergoes a transcritical bifurcation at the origin for µ = 0. Also, let I, UΣ and ε11136

be as provided in ??, and define σ = sign
(

∂2gℓ
∂x2 (0, 0)

)
and σ′ = sign (gℓ+1(0, 0)). If1137

σσ′ = 1, there are (x2, µ2, ε2) ∈ (I∩R∗
+)×(UΣ∩R∗

+)×(0, ε1) and continuous functions1138

µc, µe : (−ε2, ε2) → (−x2, x2) such that the following hold:1139

(a) For each ε ∈ (−ε2, 0), the family (x, µ) 7→ Π(x, µ, ε) undergoes two fold-like1140

bifurcations in the set (−x2, x2) as µ traverses (−µ2, µ2), one at µ = µe(ε) ∈1141

(0, µ2) and another at µ = µc(ε) ∈ (−µ2, 0). In other words, if we take µ to1142
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grow through (−µ2, µ2), we observe the collision of two hyperbolic fixed points1143

as µ = µc(ε) and the subsequent emergence of two hyperbolic fixed points at1144

µ = µe(ε). When µ = µc(ε) or µ = µe(ε), there is one fixed point that is1145

nonhyperbolic. Apart from those mentioned, there are no other fixed points in1146

the interval (−x2, x2). In particular, there are no fixed points in this interval1147

for µ ∈ (−µc(ε), µe(ε)).1148

(b) For each ε ∈ (0, ε2), the family (x, µ) 7→ Π(x, µ, ε) does not undergo any1149

bifurcation in (−x2, x2) as µ traverses (−µ2, µ2). If we take µ to grow past1150

this interval, we observe exactly two hyperbolic fixed points in (−x2, x2), first1151

approaching without colliding, and then straying apart.1152

Proof. Take ε̃1 := ε1, x̃1, µ̃1 > 0 such that (−x̃1, x̃1) ⊂ I, and [−µ̃1, µ̃1] ⊂ UΣ and1153

define W1 = (−x̃1, x̃1)× (−µ̃1, µ̃1)× (−ε̃1, ε̃1). In that case, ?? ensures that1154

(5.47) ∆ℓ(x, µ, ε) = Q(x, µ, ε)
(
ζ2(x, µ, ε) + S(µ, ε)a2(µ, ε) + S(µ, ε)b(ε)

)
,1155

for (x, µ, ε) ∈W1.1156

Let Λ : (−µ̃1, µ̃1)× (−ε̃1, ε̃1) → R2 be given by Λ(µ, ε) = (a(µ, ε), ε). Since aε is a1157

diffeomorphism on UΣ for ε ∈ (−ε̃1, ε̃1), it follows that Λ is a diffeomorphism onto its1158

image. Considering that a(0, 0) = 0, EΛ := Im Λ is an open set containing (0, 0) ∈ R2.1159

Thus, there is a basic open neighbourhood of the origin (−ã, ã)×(−ε̃2, ε̃2) ⊂ EΛ. This1160

means that (−ã, ã) ⊂ Im aε for any ε ∈ (−ε̃2, ε̃2). Since b(0) = 0 and b is smooth, we1161

can take ε̃3 ∈ (0, ε̃2) such that
√
|b(ε)| < ã for any ε ∈ (−ε̃3, ε̃3). This ensures that1162

a−1
ε

(
±
√
|b(ε)|

)
is well defined for ε ∈ (−ε̃3, ε̃3). Hence, we can define1163

(5.48) µc(ε) := a−1
ε

(
−
√
|b(ε)|

)
and µe(ε) := a−1

ε

(√
|b(ε)|

)
,1164

both clearly continuous on (−ε̃3, ε̃3) and whose image lies in (−µ̃1, µ̃1).1165

Proceeding as in the proof of ??, we obtain1166

(5.49) b′(0) = σ
gℓ+1(0, 0)

|Q(0, 0, 0)S(0, 0)|
,1167

which does not vanish by hypothesis. Hence, there is ε̃4 ∈ (0, ε̃3) sufficiently small1168

such that sign(b(ε)) = σσ′ for ε ∈ (0, ε̃4) and sign(b(ε)) = −σσ′ for ε ∈ (−ε̃4, 0).1169

Henceforth in the proof, we assume, without loss of generality, that σσ′ = 1. The1170

other case can be treated analogously and will be omitted for the sake of brevity.1171

Now, from ??, it follows that, for (x, µ, ε) ∈ W1, it holds that ∆ℓ(x, µ, ε) = 0 if,1172

and only if,1173

(5.50)

(
ζ(x, µ, ε)√
−S(µ, ε)

)2

= a2(µ, ε) + b(ε).1174

We will, therefore, study how many roots of the polynomial z2 = a2(µ, ε) + b(ε) exist1175

near zero for each (µ, ε) ∈ (−µ̃1, µ̃1)× (−ε̃4, ε̃4), since they can then be converted via1176

inverse function to values of x satisfying ∆ℓ(x, µ, ε) = 0.1177

We first study ??, that is, the case ε ∈ (−ε4, 0), for which the polynomial equation1178

can be rewritten as z2 = a2(µ, ε) + |b(ε)|. Considering that |b(ε)| > 0 for any ε ∈1179

(−ε̃4, 0), it is easy to see that this equation has exactly two simple roots for (µ, ε) ∈1180

(−µ̃1, µ̃1)× (−ε̃4, 0).1181
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Now, we consider ??, that is, the case ε ∈ (0, ε̃4), for which the polynomial1182

equation can be rewritten as1183

(5.51) z2 = a2(µ, ε)− |b(ε)|.1184

It is thus clear that this equation will have two simple real roots if a2(µ, ε) > |b(ε)|,1185

one double real root if a2(µ, ε) = |b(ε)| and no real roots if a2(µ, ε) < |b(ε)|. In other1186

words, the number of roots depends solely on the sign of the function1187

(5.52) cε(µ) = a2(µ, ε)− |b(ε)|.1188

There are, for each ε ∈ (0, ε̃4), exactly two values of µ ∈ (−µ̃1, µ̃1) for which cε(µ) =1189

a2(µ, ε) − |b(ε)| = 0, namely µc(ε) = a−1
ε (−

√
|b(ε)|) and µe(ε) = a−1

ε (
√
|b(ε)|). We1190

proceed by studying the sign of the cε(µ) for µ ∈ (−µ̃1, µ̃1).1191

To do so, assume first that a′0(0) > 0. Since aε is a diffeomorphism on UΣ for any1192

ε ∈ (−ε̃1, ε̃1), smoothness of a ensures that a′ε(0) > 0 for any ε ∈ (−ε̃1, ε̃1). For the1193

same reason, we obtain that a′ε(µ) > 0 for any (µ, ε) ∈ UΣ × (−ε̃1, ε̃1). Hence, since1194

[−µ̃1, µ̃1] ⊂ UΣ and [−ε̃3, ε̃3] ⊂ (−ε̃1, ε̃1), it follows that1195

(5.53) m := inf{a′ε(µ) : (µ, ε) ∈ [−µ̃1, µ̃1]× (−ε̃3, ε̃3)} > 0.1196

Moreover, considering that (−µ̃1, µ̃1) ⊂ [−µ̃1, µ̃1] and that (−ε̃4, ε̃4) ⊂ [−ε̃3, ε̃3], we1197

get1198

(5.54) inf{a′ε(µ) : (µ, ε) ∈ (−µ̃1, µ̃1)× (−ε̃4, ε̃4)} ≥ m > 0.1199

This means that aε, and consequently also its inverse, is an strictly increasing function1200

on (−µ̃1, µ̃1), which will allow us to fully understand the sign of cε.1201

Firstly, since −
√
|b(ε)| < 0 <

√
|b(ε)| and a−1

ε is increasing for any ε ∈ (0, ε̃4), it1202

follows that1203

(5.55) µc(ε) = a−1
ε

(
−
√
|b(ε)|

)
< a−1

ε (0) < a−1
ε

(√
|b(ε)|

)
= µe(ε).1204

Thus, since aε is also increasing for any ε ∈ (0, ε̃4), we obtain1205

(5.56) aε(µc(ε)) < 0 < aε(µe(ε)).1206

Therefore, considering that c′ε(µ) = 2a′ε(µ)aε(µ) and that a′ε > 0, we conclude that1207

(5.57) c′ε(µc(ε)) < 0 < c′ε(µe(ε)),1208

for any ε ∈ (0, ε̃4).1209

We have thus proved that, if µ ∈ (0, ε̃4), then cε(µ) > 0 for µ ∈ (−µ̃1, µc(ε)) ∪1210

(µe(ε), µ̃1) and cε(µ) < 0 for µ ∈ (µc(ε), µe(ε)). As mentioned before, this suffices to1211

prove ??.1212

5.5. Proof of stabilisation of non-stable families: the pitchfork case.1213

The pitchfork bifurcation for flows is a 1-parameter family of 1-dimensional vector1214

fields exhibiting the emergence of three equilibria from one persistent one, with a1215

normal form ẋ = µx + x3. If this family is perturbed, this behaviour is generally1216

lost, unless some symmetry is assumed for the perturbation term, and the pitchfork1217

bifurcation appears generically of families with symmetry (the so-called Z2-equivariant1218

systems - see [?, Section 7.4.2], for instance).1219

Similar to ??, we begin with a definition of the pitchfork bifurcation based on1220

the concept of K-equivalence, before considering what happens when it occurs in a1221

guiding system.1222
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Definition 5.7. A 1-parameter family of 1-dimensional vector fields F (x, µ) is1223

said to undergo a pitchfork bifurcation at the origin for µ = 0 if1224

1. The germ of f : x 7→ F (x, 0) at the origin is K-equivalent to the germ of1225

s12,0(x) = x3.1226

2. Let ([M ], [ϕ]) ∈ GLn(En) × Ln be such that [f ] = [M ] · [s12,0] ◦ [ϕ]. The1227

pushforward ([M ], [ϕ]) ∗ [Ũ ] of the unfolding [U ] ∈ Z1
1,1, given by Ũ(x, µ) =1228

(U(x, µ), µ) and U(x, µ) = µx + x3, is K-equivalent to [F̃ ] via the identity,1229

where F̃ (x, µ) = (F (x, µ), µ).1230

5.5.1. The canonical form of the displacement function.1231

Proposition 5.8. Let n = k = 1 and suppose that the guiding system ẋ =1232

gℓ(x, µ) undergoes a pitchfork bifurcation at the origin for µ = 0. Then, there are1233

ε1 ∈ (0, ε0), an open interval I containing 0 ∈ R, an open neighbourhood UΣ ⊂ Σ of1234

0, and smooth functions ζ,Q : I × UΣ × (−ε1, ε1) → R, a : UΣ × (−ε1, ε1) → R, and1235

b : (−ε1, ε1) → R such that1236

(P.I) If ∆ℓ is the displacement function of order ℓ of ??, then1237

∆ℓ(x, µ, ε) = Q(x, µ, ε)
(
ζ3(x, µ, ε) + a(µ, ε)ζ(x, µ, ε) + b(µ, ε)

)
1238

for (x, µ, ε) ∈ I × UΣ × (−ε1, ε1).1239

(P.II) For each (µ, ε) ∈ UΣ × (−ε1, ε1), the map ζ(µ,ε) : x 7→ ζ(x, µ, ε) is a diffeo-1240

morphism on the interval I.1241

(P.III) For each ε ∈ (−ε1, ε1), aε : µ 7→ a(µ, ε) is a diffeomorphism on UΣ.1242

(P.IV) b(0, 0) = ∂b
∂µ (0, 0) = 0, a(0, 0) = 0, ζ(0, 0, 0) = 0, and Q(0, 0, 0) ̸= 0.1243

Proof. Observe that ∆ℓ(x, µ, 0) = Tgℓ(x, µ), by definition. Let [s12,0] be as in1244

?? and [F̃ ] be the 2-parameter unfolding of f : x 7→ Tgℓ(x, 0) given by F̃ (x, µ, ε) =1245

(∆ℓ(x, µ, ε), µ, ε). Since [gℓ] undergoes a pitchfork bifurcation, there are P (x, µ) ∈ R1246

and ψ(x, µ) ∈ R such that1247

(5.58) ∆ℓ(x, µ, 0) = P (x, µ)
(
µψ(x, µ) + ψ3(x, µ)

)
1248

and, definingM(x) := P (x, 0), and ϕ(x) := ψ(x, 0), it holds that [f ] = [M ] · [s1,0]◦ [ϕ].1249

Let H̃(x, θ, η) = (y3 + θy+ η, θ, η) ∈ R×R×R. Since the 2-parameter unfolding1250

[H̃] of [s12,0] is K-versal, then [F̃ ] must be K-induced by ([M ], [ϕ]) ∗ [H̃]. Therefore,1251

there is a neighbourhood Ṽ1 := I × (−µ̃1, µ̃1)× (−ε̃1, ε̃1) of the origin in R1+1+1 and1252

smooth functions h(µ, ε) = (a(µ, ε), b(µ, ε)) ∈ R2, Q(x, µ, ε) ∈ R, and ζ(x, µ, ε) ∈ R1253

such that h(0, 0) = (0, 0), Q(x, 0, 0) =M(x) ̸= 0, ζ(x, 0, 0) = ϕ(x), and1254

(5.59) ∆ℓ(x, µ, ε) = Q(x, µ, ε) ·
(
ζ3(x, µ, ε) + a(µ, ε)ζ(x, µ, ε) + b(µ, ε)

)
.1255

Considering that ζ(x, 0, 0) = ϕ(x) is a local diffeomorphism, if we assume that µ̃1 and1256

ε̃1 are sufficiently small, we can ensure that ζ(µ,ε) : x 7→ ζ(x, µ, ε) is a diffeomorphism1257

on I for any (µ, ε) ∈ (−µ̃1, µ̃1)× (−ε̃1, ε̃1).1258

Combining ????, we have1259

(5.60)
P (x, µ)

(
µψ(x, µ) + ψ3(x, µ)

)
= Q(x, µ, 0) ·

(
ζ3(x, µ, 0) + a(µ, 0)ζ(x, µ, 0) + b(µ, 0)

)
.1260

Differentiating both sides of ?? with respect to µ at the origin and considering1261

that ψ(0, 0) = ζ(0, 0, 0) = ϕ(0) = 0, it follows that1262

(5.61)
∂b

∂µ
(0, 0) = 0.1263
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Now, differentiating both sides of ??, once with respect to x and once with respect1264

to µ, at the origin and considering that M(0) is invertible, we obtain1265

(5.62)
∂a

∂µ
(0, 0) =

∂ψ

∂x
(0, 0) = ϕ′(0) ̸= 0.1266

We can assume that µ̃2 and ε̃2 are sufficiently small as to ensure that ∂a
∂µ (µ, ε) ̸= 01267

for any (µ, ε) ∈ (−µ̃2, µ̃2)× (−ε̃2, ε̃2), guaranteeing that aε is a diffeomorphism.1268

5.5.2. Proof of ??. By definition of ∆ℓ, it is easy to see that1269

(5.63)
∂∆ℓ

∂ε
(0, 0, 0) = gℓ+1(0, 0),1270

which is does not vanish. Let V := I×UΣ×(−ε1, ε1) as given in ??. Then, ?? ensures1271

that1272

(5.64)
∂∆ℓ

∂ε
(0, 0, 0) = Q(0, 0, 0)b′(0).1273

Thus, considering ??, we obtain1274

(5.65)
∂b

∂ε
(0, 0) =

gℓ+1(0, 0)

Q(0, 0, 0)
.1275

?? yields that ∆ℓ(x, µ, ε) = 0 is equivalent to1276

(5.66) b(µ, ε) = −ζ3(x, µ, ε)− a(µ, ε)ζ(x, µ, ε)1277

in V . Define Ψ(x, µ, ε) = (Ψ1(x, µ, ε),Ψ2(µ, ε),Ψ3(µ, ε)) by1278

(5.67) Ψ1(x, µ, ε) = ζ(x, µ, ε), Ψ2(µ, ε) = a(µ, ε), Ψ3(µ, ε) = b(µ, ε),1279

a weakly-fibred diffeomorphism onto its image U . We remark that, since ∂b
∂µ (0, 0) = 01280

by ??, we also know that Ψ is strongly-fibred to the first order at the origin. Moreover,1281

?? is equivalent to1282

(5.68) (Ψ1(x, µ, ε))
3
+Ψ2(µ, ε)Ψ1(x, µ, ε) + Ψ3(µ, ε) = 0.1283

Therefore, ∆ℓ(x, µ, ε) = 0 ⇐⇒ Ψ(x, µ, ε) ∈
{
(y, θ, η) ∈ R3 : y3 − θy + η = 0

}
.1284

Defining Φ = Ψ−1, the proof is concluded.1285

5.6. Proof of ??. Let Φ be as in ?? and ε ̸= 0 be small enough so that ε′ =1286

Φ−1
3 (ε) is well defined. By ??, the points (x, µ) near (0, 0) for which Π(x, µ, ε) = x are1287

given by (Φ1(α(t), η(t), ε
′),Φ2(η(t), ε

′)), where (α(t), η(t)) are a local parametrisation1288

near (0, 0) of the curve given by gℓ(α, η) = 0. Considering the Implicit Function1289

Theorem and ????, we can assume that α(t) = t.1290

Thus, since gℓ(t, η(t)) = 0, by differentiating with respect to t at t = 0, we obtain1291

(5.69)
∂gℓ
∂µ

(0, 0)η′(0) = 0,1292

which ensures that η′(0) = 0.1293

Now, differentiating Π(Φ1(t, η(t), ε
′),Φ2(η(t), ε

′), ε) = Φ1(t, η(t), ε
′) with respect1294

to t at t = 0, it follows that1295

(5.70)
∂Π

∂x0
(x∗(ε), µ∗(ε), ε) = 1,1296
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where x∗(ε) := Φ(0, 0, ε′) and µ∗(ε) := Φ2(0, ε
′).1297

Taking into account [?, Theorems 4.1 and 4.2], we need only verify the two gener-1298

icity conditions that guarantee a fold up to topological conjugacy:1299

(Ftop1)
∂Π
∂µ (x

∗(ε), µ∗(ε), ε) ̸= 0;1300

(Ftop2)
∂2Π
∂x2 (x

∗(ε), µ∗(ε), ε) ̸= 0.1301

These follow directly from smoothness with respect to ε, combined with ??, the fact1302

that ∆ℓ(x, µ, 0) = Tgℓ(x, µ), and ????.1303

Appendix A. Group structure of germs of fibred diffeomorphisms. It1304

is known that germs of local diffemorphisms at a point (see ??) have a well defined1305

operation induced by composition. Hence, we assume without loss of generality that1306

the domains and images of the diffeomorphisms are compatible with composition.1307

The fact that the composition of two fibred diffeomorphisms is still a fibred dif-1308

feomorphism, be it strongly or weakly fibred, amounts to simple calculation, and will1309

be omitted here. The only property of groups that has to be non-trivially verified1310

is the existence of an inverse element in the class of local diffeomorphisms with the1311

same fibration, which amounts to proving that the inverse of a fibred diffeomorphism1312

is itself still fibred.1313

Let thus Φ be strongly-fibred and let Ψ := Φ−1, its inverse diffeomorphism. We1314

wish to prove that Ψ is strongly-fibred as well. we begin by proving that Ψ3 does not1315

depend on x or µ.1316

To do so, first notice that, since Φ is diffeomorphism, it follows that, for any1317

(x, µ, ε) in its domain, detDΦ(x, µ, ε) ̸= 0. Considering that1318

(A.1) Φ(x, µ, ε) = (Φ1(x, µ, ε),Φ2(µ, ε),Φ3(ε)),1319

it follows at once by taking into account the block structure of the matrix DΦ(x, µ, ε)1320

that1321

(A.2) det
∂Φ1

∂x
(x, µ, ε) ̸= 0, det

∂Φ2

∂µ
(µ, ε) ̸= 0, and Φ′

3(ε) ̸= 0.1322

Now differentiate the identity Ψ3(Φ1(x, µ, ε),Φ2(µ, ε),Φ3(ε)) = ε with respect to1323

x to obtain1324

(A.3)
∂Ψ3

∂x
(Φ1(x, µ, ε),Φ2(µ, ε),Φ3(ε)) ·

∂Φ1

∂x
(x, µ, ε) = 0,1325

which, combined with ??, ensures that ∂Ψ3

∂x vanishes identically in its domain.1326

Differentiating the same identity with respect to µ and considering that ∂Ψ3

∂x = 0,1327

we obtain1328

(A.4)
∂Ψ3

∂µ
(Φ1(x, µ, ε),Φ2(µ, ε),Φ3(ε)) ·

∂Φ2

∂µ
(µ, ε) = 0,1329

now ensuring that ∂Ψ3

∂x vanishes identically in its domain. Therefore, Ψ3 depends1330

solely on ε, as we wished to prove.1331

Finally, differentiating Ψ2(Φ1(x, µ, ε),Φ2(µ, ε),Φ3(ε)) = µ with respect to x, it1332

follows that1333

(A.5)
∂Ψ2

∂x
(Φ1(x, µ, ε),Φ2(µ, ε),Φ3(ε)) ·

∂Φ1

∂x
(x, µ, ε) = 0,1334

which proves that Ψ2 is independent of x, finishing the proof for the strongly-fibred1335

case.1336

The weakly-fibred case is analogous, and so will be omitted.1337
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