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Abstract

Underlying catastrophes provide a method for locating bifurca-
tion points of vector fields by providing solvable conditions to find
points where stationary points collide, disregarding other dynamical
features. Here I summarise these conditions, showing how they de-
velop on Thom’s catastrophe theory and the singularities of mappings.
The method of finding underlying catastrophes is illustrated through
some novel examples, including cases of coinciding saddle-node and
saddle-focus bifurcations, and umbilic bifurcations. A gradient vector
field that was given as an early refutation of Thom’s catastrophe the-
ory is reconsidered in this framework. The geometry of the unfoldings
is explored for the underlying catastrophes up to codimension 4.
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1 Introduction

The qualitative local forms of a mapping f : R® — R™ are described by the
incredibly general theory of singularities of mappings [3, 10, 19]. For local
changes of a vector field f : R™ — R"™ we have the theory of local bifurca-
tions of vector fields. Both define classes of functions that are alike under
certain equivalences, meant to characterise the order (or degeneracy) of the
stationary points of f, but the theory of bifurcations of vector fields is both
less complete and less practically wieldable than the theory of singularities
of mappings. It is less complete because there is no general way to extend it
to successively higher orders without case-by-case study, unlike the theory of
singularities of mappings, and less practical because, except for a few of the
most low order low dimensional cases, it lacks general conditions to detect
any given bifurcation.

For systems with a gradient vector field f = V¢ in terms of a potential
¢ : R® — R, Thom’s theory of catastrophes provides something closer to
the generality and simplicity of the singularities of mappings [22, 24, 25],
dependent only on the geometry of the functions themselves rather than the
topology of their integral curves, i.e. their dynamics.

In [13] I proposed a way of applying the geometrical simplicity of catas-
trophe theory to vector fields more generally, by stripping away the dynamics
to reveal the catastrophe underlying it. This provides explicitly solvable con-
ditions for finding a bifurcation point, for any dimension of system and any
codimension of bifurcation. These underlying catastrophes do not constitute
bifurcation classes themselves, but once they are found, one may then carry
out local stability analysis to ascertain the precise bifurcation class. Here I
will summarise the concept of underlying catastrophes of vector fields, what
is known about them so far and the conditions to find them. To illustrate
their role as organising centres of pattern formation I take a well understood
example from optics, of the universal patterns formed by diffraction caustics
around catastrophes.

René Thom was highly influential in the singularity theory of both map-
pings and gradient systems, and coincidentally, as I write, this year marks
the 50" anniversary of Thom’s book Structural stability and morphogene-
sis being translated into English [25]. In particular Thom introduced the
idea that, given a certain number of control parameters, one could deter-
mine exactly what local singularities could arise: these were the elementary
catastrophes, listed in table 1 and illustrated in parameter space in fig. 1.

Thom intended that his catastrophes would classify all local changes of
behaviour that could happen in a physical system as it changed with pa-



catastrophe | corank | codim- | class | unfolding of V = V¢
ension
equilibrium A T
fold 1 1 Ay 2?4 o
cusp 2 As 22 + ez + a1
swallowtail 3 Ay z* + asz® + sz + a1
butterfly 4 As z° + asx® + oz + o + oy
k A 2 +at" P+ .+ asxr+an
hyperbolic 9 3 D+ ( 327 + asra — a1 )
umbilic 4 322 + aszy — oo
elliptic 3 D- ( Sx% — 3$§ + 20371 — @ )
umbilic 4 —6x122 + 20032 — Qo
parabolic 4 D ( 2r122 + 20311 — 1
umbilic 5 x? + 4x§ + 20042 — 2
. k Dig1 | -
symbolic 9 5 E ( 327 + 2a573 + asze + o )
umbilic 6 4903 + 2a512 + 31 + 20042 + o
k Fri1 | ..

Table 1: Thom's elementary catastrophes. Initially Thom introduced just those up to
codimension 4, which would unfold in the ‘parameters’ of 4-dimensional space and time
[24], but class Ag and A7 also have names, the wigwam and star, respectively. The
corank is essentially the minimum number of dimensions (z1, 22, ...) for it to occur, the
codimension is the number of parameters (a1, aa, ...) needed to unfold it.

cuspoids:
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fold folds
‘4 cusp
/ swallowtail X
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equilibria equilibria
umbilics: hyperbolic elliptic parabolic

Figure 1: The elementary catastrophes up to codimension 4. The surfaces are the sets
of folds, which crease along cusps, which themselves crease along swallowtails or umbil-
ics, and so on. Shown in parameter space (or a projection thereof for codimension> 3).



rameters, but its limitation to systems governed by a gradient vector field
f = V¢ narrows its usage outside fundamental physics. The difficulty of
vector fields lies, of course, in how their dynamics depends on the topol-
ogy of their orbits (integral curves), which can form connections between
equilibria, limit cycles, and related higher dimensional invariant surfaces for
n > 3; these are issues that do not inflict a mapping ¢, nor a potential ¢,
though they may affect even a gradient field f = V¢ to a limited degree.
This was, in fact, an objection to Thom’s theory made by Guckenheimer
in [11], citing an example of a gradient vector field that did not seem to lie
within Thom’s universal unfoldings, but I will show that this case actually
lives within a larger class of bifurcations, one seemingly overlooked (despite
Guckenheimer’s observation) in subsequent bifurcation classifications. This
class is important as it provides two ways for 4 equilibrium points of a vector
field to collide, both fundamentally different from the swallowtail catastro-
phe (which also involves 4 equilibria colliding), even without taking into
account objects like orbital connections between equilibria or limit cycles.
They seem to be absent from the most complete classifications available, like
Table 1 in [2].

Notwithstanding its issues, catastrophe theory remains the most evoca-
tive description of qualitative local change in nature. It is my aim with
the concept of underlying catastrophes to bring the simplicity of those ideas
back into bifurcation theory, and in particular use it to render bifurcation
theory more amenable to application, without altering the theory itself.

Since we will use the terms singularity, bifurcation, and catastrophe, a
brief comment on their meaning is warranted. A singularity is essentially
a place where the rank of the Jacobian derivative of f is not maximal.
Bifurcations are topological changes in f often seen at such a points as
parameters vary smoothly, specifically topological changes in the flow of f
when considering vector fields, and these referred to as catastrophes if f is
a gradient field f = V¢. An underlying catastrophe is a bifurcation only in
the numbers of zeros of f, not concerned with the topology of its flow. A
good book distinguishing the concepts more rigorously is [21].

I will first briefly review why a method to find bifurcations is needed.
Even if one disregards the vectorial nature of a function f and treats it
more simply as a mapping, the number of conditions needed to characterise
its singularities are potentially enormous, as described in section 2 via the
Thom-Boardman procedure. The conditions introduced in [13] to define
underlying catastrophes are then summarised in section 3, before applying
them to various examples in the remainder of the paper, highlighting some
particularly novel cases, and showing both the methodology and weaknesses



of the method. We begin with the simple folds in section 4, comparing
saddle-node and saddle-focus cases. Section 5 shows that there are three
fundamentally different mechanisms by which 4 equilibria of a vector field
can bifurcate, even without taking into account their stability, namely via
swallowtail catastrophes and the more exotic umbilic catastrophes, includ-
ing the example given as an early objection to Thom’s catastrophe theory.
Unfoldings of the underlying catastrophes up to codimension 4 are given in
section 6, with some closing remarks in section 7.

In examples we will always consider an ordinary differential equation
& = f(x), in the plane for ease of illustration, but the results here extend
directly to higher dimensions, and also to more general differential equations
such as a higher order ordinary differential equation like & = f(z), or even
a partial differential equation like %aj = %x + f(x) where u € RP is some
spatial variable, for examples see [1, 13, 14, 15].

2 Classification: The number problem

General methods for finding a singularity or bifurcation of a dynamical
system are surprisingly lacking. Perhaps the most general is the Thom-
Boardman classification, which is an algebraic procedure provided by Board-
man to capture Thom’s geometrical arguments of versality, providing an in-
finite classification of singularities that was later formalised further through
the language of ideals [6, 20]. The rigour and generality of this period of
singularity theory could be ranked among the most profound achievements
of mathematics, yet it is less widely known than perhaps it could be in the
field of dynamical systems.

The Thom-Boardman procedure classifies singularities by taking a vector
field and calculating a sequence of minors of its derivatives, then the minors
of their derivatives, and so on. The growth of the number of calculations is
shown in table 2, from a formula given in an appendix of [14]. For a system
of dimension n, and singularity of codimension r, it involves a nested sum of
factorials of sums of factorials etc. of n and r, such that even an asymptotic
approximation so far evades imagination.

More precisely, given a function f : R™ — R™ (the general procedure can
be defined for mappings R” — R™ but for vector fields we require only R™ —
R™), the Boardman symbol of f at some point x = 0 is a string 7 = 71, ..., 7,
where the symbols 71, ..., 7, form a non-increasing sequence 71 > 79 > ... >
7r. Each 7; is the corank of a matrix VAT -1 A™ f and the symbol 7 is
taken to terminate at r such that 7,..1 = 0. These matrices VATi-1.. A" f



characterise the degeneracy of the singularity at each order j. The first
matrix is Alf = (f,det Vf), and more generally for iy > 1 we let Aftg =

g,mil,m’;, ..., |, where mzl, j=1,...,Nj,are the (n—i;+1)x (n—i;+1)
minors of V f. Successive orders are obtained iteratively by taking minors
of the previous matrix, so next we define AZA" f = (Ailf, m%l, mé%Q, ),
where m?] are the (n —ig + 1) x (n — iz + 1) minors of V(A" f), then
ABARZANf = (A“A“f, mgi":l, mg’:Q, ), where m?] are the (n —i3 4+ 1) x

(n — i3 + 1) minors of V(A®2A% f), and so on iteratively, giving for any j,
AYLANF = (MDA fmgm, ) 1)

where m;fk for k = 1,...,Nj, are the (n —i; + 1) x (n — ¢; + 1) minors of
V(A%-1..A% f). While the procedure can be written concisely like this,
it is evidently lengthy. In fact, the total number of these minors grows at
an incredible rate with a systems’s dimension n (its number of variables)
and the singularity’s codimension 7 (its number of control parameters). A
formula for the number of minors to be calculated was given [14], and the

first few are shown in table 2.

codim. r=— |12 3 4 5
dim. n =]
1124 |8 16 32
2136 |21 |231 26796
3148 |64 | 41728 12 x 1012
45|10 | 220 | 94967015 | 3 x 10%°

Table 2: The number problem: the number of minors calculated to identify a singular-
ity in the Thom-Boardman procedure, up to dimension n = 4 and codimension r = 5.

Of course, no system can typically satisfy such a huge number of condi-
tions, even before we begin to take into account additional conditions needed
to identify bifurcations organised around such singularities in vector fields.
So these may provide a means to classify a singularity, but not a practical
method to locate one in either a mapping or a vector field.

In the normal approach to vector fields, to find bifurcations we must
find its equilibria, then study either eigenvalues or derivatives of f vanish at
these equilibria, or integrals along orbits vanish to indicate close cycles or
connections. For brute force numerical detection or continuation methods,
the conditions that must be solved are known only for low dimension and
codimension. Analytically the only general procedure is to reduce first to



a normal form along the centre manifold of the bifurcation, but then this
requires, of course, finding where that bifurcation occurs first.

Many of the conditions enumerated in table 2 turn out to be either
trivially zero or equivalent, but the manner of their independence is not
obvious. In [14] it was shown under certain restrictions that they can be
reduced to the minimum possible number of conditions that could define
a singularity: the number of variables n plus the number of parameters
r required to unfold it, shown in table 3. This is achieved via the ‘B-
G conditions’ defining the underlying catastrophes, given in the next section.

codim. r=— |12 |3 4 5
dim. n =]

11213 |4 5 6

21314 |5 6 7

3145 |6 7 8

41516 |7 8 9

Table 3: The number of B determinants needed to identify an underlying catastrophe,
up to dimension n = 4 and codimension r = 5, as calculated in [14].

3 The B-G conditions for underlying catastrophes

Underlying catastrophes are essentially a way of applying contact equiva-
lence to vector fields. They describe the contact between zero sets of different
functions, namely here the zeros of a vector field and its derivatives, and ne-
glecting anything else like dynamics or orbital equivalence. I will summarise
the conditions defining underlying catastrophes below for use later in the
paper.

Let us write f = (f1, ..., fn), depending on a variable x = (z1, ..., x,) and
parameter a = (aq, ..., ). Denote the derivative operator over z as V = %
and over (z,a) as [0 = (g—x, c’%)' We assume the singularity or bifurcation
of interest occurs at some (z,) = (x4, ax), and give conditions below to
find this point.

A singularity of a vector field occurs where the Jacobian determinant
|V f| vanishes, and then the first quantity defining that singularity is its
corank.

Let us first assume the corank of V f is one, and that any set of n — 1 of
the gradient vectors V f; are linearly independent, defined as the ‘subrank’
of f being n — 1 in [14].



Instead of the minors of the Thom-Boardman procedure in section 2, we
can then define a sequence of determinants

Bi = |V(fi, fa, ..., fu)]  and B = |V (Bi—1, f2, ..., fn)| - (2)

So B is the Jacobian of f, and each B; is obtained from the previous one
by substituting B;_1 in place of the first component of f. An underlying
catastrophe of codimension r is then defined by the conditions

O=f=B =By=..=8,. (3)

The cases r = 1,2,3, ... correspond to Thom’s elementary catastrophes in
table 1, and are named as such: the fold (r = 1), cusp (r = 2), swallow-
tail (r = 3), etc. The system (3) only has unique solutions (z., ) if the
catastrophe is ‘full’, which means a further set of determinants G, x, 1, ,
are nonzero for all ki, ...,k;—1 € {1,...,n}. These are functions

gz,K(Z) = “:I(f17”')fTL7Bla"'JBi,K(i)) ) (4)

where K (i) denotes the index string K (i) = kj...k;—1, and where the func-
tions B; i) = Bik,..k;_, are determinants

B; ity = |V (1o fre1: Bict ik (i=1)s Jht 15 s ) | (5)

with h = k;_1. These are more numerous than the B conditions, but one
needs only calculate them to ensure they are non-vanishing.

If the corank of Vf is two then we obtain the umbilics. Assume then
that any n —2 of the gradient vectors V fi, ..., V f,, are linearly independent.
To characterise these we are interested first in minors of Vf of dimension
n — 1. For convenience let us denote a vector v with the j% component
deleted by v_; = (v1,...,vj—1, Vj41, ..., Up), then we can write these minors
as

Of—u
0x_,

E=v+ (u—1)n,
u,v=1,...,n.

3 (6)

k:

)

The first umbilic catastrophe then occurs at a point (z., a.) where
B%,l = B%,z = B%Z& = 834 =0, (7)
and these are ‘full’ provided that all

g%,klkgkglu = }(D (f1,---,fn, B%,ky B%,kg’ B%,kg’ B%m))‘ ) (8)



are non-vanishing for all k1, ko, k3, k4 € 1,...,n? with ky # ko # k3 # ky4. The
umbilics can be of hyperbolic or elliptic type, as I will describe in section 5
and section 6. Note that as we require 4 conditions in (7), these umbilic
catastrophes are of codimension 4, in contrast to gradient systems in Thom’s
theory where they are codimension 3 (see table 1). We will see in section 5
how this helps resolve the Guckenheimer objection mentioned in section 1.

One may continue to higher codimension umbilics, involving determi-
nants of the form

BQ k1ko — |V(Bl k1> 1k27 f37'-'7fn)| ’ (9)

however little work has so far been carried out for higher codimension um-
bilics, either in the elementary or underlying catastrophes. Finding the un-
derlying catastrophes corresponding to the known parabolic and symbolic
umbilic catastrophes remains to be done.

If one then conjectures that a system undergoes a bifurcation, at un-
known values of the variable z and parameter «, then using the B-G condi-
tions of the underlying catastrophe one can find its location, and then begin
a local stability analysis to fully determine its bifurcation class. The method
is essentially:

(i.) Solve the conditions f = 0 to identify families of equilibria; rather than
solving for the variables (z,y,...), it can be better to solve for some subset
of the parameters (a1, o, ...) parameterised by (z,y,...), as we will use in
section 5.

(ii.) Solve By = 0 along with (i.) to identify families of folds, checking that G; # 0
on these solutions, to ensure non-degeneracy. One may have to choose which
parameter to consider G; with respect to, as only certain parameters may
unfold the catastrophe non-degenerately.

(iii.) Solve By = 0 along with (i-ii.) to identify families of cusps, checking that
Gar # 0 for K =1,2,...n on these solutions. Again one may have to choose
which 2 parameters to consider G; and Gy j with respect to.

(iv.) Continue to B3 for a swallowtail or B% & for an umbilic, and so on to successive
orders until all catastrophes have been found. At any order of interest, one
may then conduct local stability analysis to study the local dynamics and
identify the bifurcation class.

While one must ascertain appropriate parameters to unfold any given
catastrophe, provided the non-degeneracy conditions G;, &, , # 0 hold,
then the underlying catastrophe is full, the equations f =By = ... = B, =0
have well-defined solutions independent of the choice of coordinates. More-
over in (2) we choose a certain form for the B; where each B;_; replaces
the first component of f in calculating the next B; — one may equivalently



choose to replace a different component of f, e.g. if this simplifies the calcu-
lations, without altering the result. If the conditions G; k. x,_, # 0 do not
hold, then a small perturbation or change of coordinates may restore them,
however little work has been done in studying such cases to date.

In the following sections we investigate some of the vector field bifurca-
tions revealed by underlying catastrophes, including cases that are absent
from standard bifurcation theory literature.

4 Underlying folds: beyond the saddle-node

To illustrate the alternative view that underlying catastrophes bring to bi-

furcation theory, let me begin with the simplest bifurcation of a vector field,

the saddle-node, and its underlying relation to higher order bifurcations

called the nilpotents, which start with the Bogdanov-Takens bifurcation.
Take a saddle-node in a planar system,

f=(z?+a,z). (10)

As the parameter a changes from negative to positive, a pair of equilibria at
x = £/—a, one a saddle and one a node, collide and annihilate. In terms
of the B-G conditions from section 3, at x = o« = 0 this satisfies f = B; =0
and G; = 2 # 0, hence it defines a full underlying fold.

Compare this to the form

f = (.%'2,.%% +a) ) (11)

which yields again, as the parameter a changes from negative to positive, a
pair of equilibria at z = #1/—a, one a saddle and one a focus this time, that
collide and annihilate. Again in terms of the B-G conditions, at z = a =0
this satisfies f = By = 0 and G; = —2 # 0, so it too defines a full underlying
fold. However, this saddle-focus event does not define a bifurcation class,
requiring one extra parameter to fully unfold it, namely in the form of the
Bogdanov-Takens bifurcation

f = (w2,23 4+ a1 + agry + 2129) | (12)

which is in fact the first in a whole sequence of nilpotent bifurcations [9].

From the viewpoint of their underlying catastrophes, however, the saddle-
node and saddle-focus (or Bogdanov-Takens in the case of (11)) are one and
the same, simply an underlying fold. Both occur where two equilibria coin-
cide, irrespective of any other dynamics going on around them.

10



Obviously it is easy to identify the site of any bifurcation in the examples
above. Consider instead the system

fe (1 —z1) (a2 + (g + w2 + 221)22) + 321 — T2 — 20102 — 2
(1—x1)(2—a2—x1+(1—a2—x1—wg)x2)+a1x1+a1 ’
(13)

which has up to 6 equilibria, and therefore we cannot generally expect to find
them analytically (though in this contrived case it turns out we can), nor
is it obvious how to identify any bifurcations that might occur. Instead let
us look for underlying catastrophes, working through the codimensions r =
1,2, ..., though here we will need only r = 1. The condition for underlying
folds is simply to find where f and its Jacobian determinant 3; vanish.
There are a number of solutions, but only three of them are ‘full’ and hence
non-degenerate, those at

(z1,22,01) = (0,—1,0), (0,2 —,0), and (1 — 3as,1,1a3). (14)

All of these are underlying folds that occur as a1 changes. For as = 0 all
three occur at a; = 0, at different coordinates (x1,x2), with the former
being a saddle-node and the latter two being Bogdanov-Takens (saddle-
focus) bifurcations (which unfold fully in both parameters o, as, as the
reader may verify by standard local stability analysis). Figure 2 shows all
three catastrophes occurring simultaneously for as = 0 as «; changes sign.

(i)‘l\—\ (ii) Q\‘\

S5

Xj—

Figure 2: Folds occurring in the system (&1, 42) = f with (13), as «a; changes value
with ag = 0, showing: (i) for a; < 0 the existence of a saddle-node pair (red), and
two saddle-focus pairs (blue and green), (ii) for a; > 0 no equilibria.

As low codimension events these bifurcations themselves are well cate-
gorised, but as we move to higher codimensions we enter less well under-
stood ground. In the next section we look at three mechanisms that unfold
4 equilibria in the plane, one involving 3 parameters and two involving 4
parameters.

11



5 Swallowtails and Umbilics

Bifurcations of codimension greater than 2 are not often discussed in bi-
furcation theory texts, but they are certainly important in engineering and
biological applications, where a nonlinear system of multiple dimensions and
numerous parameters may easily exhibit multiple equilibria.

When one encounters a system with 4 or more equilibria, there are three
fundamentally different ways they may collide, examples of which will be
given below. I will state results on the type and stability of these equilibria
without proof, which involve only linear stability analysis and so are the-
oretically standard, but would be lengthy as they involve quartic systems.
(Note in the counts of equilibria described above we include multiplicity, i.e.
two coincident equilibria are counted as two, not one.)

The first case to consider is the swallowtail, a bifurcation that occurs
along a one dimensional centre manifold. This case is a direct extension
of the saddle-node and cusp bifurcations in standard texts, e.g. [18], and
appears in general classifications like Table 1 of [2]. It unfolds in the 3
parameters (a1, ag,as), over which it can have 0, 2, or 4, equilibria: two
will be saddles, and two will be nodes with the same stability. An example
is

f= (042 + a1z + 20 + :U:f, a3 +x1 + m%) ) (15)

Let us use the conditions (2) to locate its catastrophes. We can solve the
conditions (3) for each value of r, checking that the functions G, j, .k, , are
non-vanishing at each codimension. More useful geometrically can be to
seek the catastrophe sets in the parameter space of («, g, a3) as follows.
The equilibria lie on an (x1, x2, ag)-parameterised set found, solving f = 0,
as

(g, a3) = — (alazl + 29 +x‘;’, T+ x%) )

Folds lie on surfaces found by solving By = 2z9(a; + 33:%) — 1 =0, where
oy = (1 — 6z3xs) /220 ,

and these form cusps, solving By = 24z173 — 622 — 2a; = 0, along curves
where
Bs =0 = xy = 1/2423 .

Finally, solving Bs = 0, a swallowtail bifurcation is found to lie at the point

(x17x27a17a27a3) = (23}537 24%7 26?537 _24;}55277 _28?53) ) (16)

12



where we find Gs 1, = 720 for all kq, ks € {1,2}. Simulations of the phase
portraits showing the different numbers and types of equilibria are given in

Figure 3: Phase portraits of the system (i1,42) = f given by (15) around a swal-
lowtail bifurcation showing: (i) the swallowtail, (ii) O equilibria, (iii) 2 equilibria, (iv)
4 equilibria. Parameter values (a1, a2, a3) are: (i) as in (16), (i) (1,—1,—0.2), (iv)
(1,1,-0.8), (iv) (—1,—1, —1.5). Showing nullclines of f; = 0 (blue curves) and f> =0
(red curves).

But there are also two very different mechanisms by which four equilibria
can bifurcate, related to umbilics. The umbilics are well known in singularity
theory or in Thom’s elementary catastrophes, but have never been properly
classified in vector fields. They were shown to occur as underlying umbilics
in [15], where an example was given of the hyperbolic umbilic, here we will
show both hyperbolic and elliptic cases, again both are very different.

We can obtain a hyperbolic umbilic by changing (15) only slightly, re-
ducing the cubic term to a quadratic, and augmenting the linear term to

f= (ag + a1xo + x%, a3 + oy + 93%) . (17)

Similarly to above, but now in (aq, ag, a3, ay) parameter space, we can find
the equilibria as (z1, x2, a1, ay)-parameterised families

(a2, 03) = — (a1@g + 23, auzy +23)
which undergo folds on surfaces where By = 0, giving
ay = 4dxixa/ag
and these crease along cusps on a curve where By = 0, giving

ay =222 3 .

13



Finally these intersect at the hyperbolic point, where Bl =0 for £k =
1,2,3,4, (these are just the four components of the J acoblan) at

($17:E2a a1, 02, 03, OZ4) =0 B

along with g%71234 = 4. Hence the hyperbolic umbilic unfolds over the 4
parameters (g, ag, as, ay), over which it can have 0, 2, or 4, equilibria, like
the swallowtail, but unlike the swallowtail: two will be saddles, and two will
be nodes or foci with opposing stability. Simulations of the phase portraits
showing the different numbers and types of equilibria are given in fig. 4.

(111)
//// \/

Figure 4: Phase portraits of the system (i1, #2) = f given by (17) around a hyperbolic
umbilic bifurcation showing: (i) the umbilic, (ii) 0 equilibria, (iii) 2 equilibria, (iv) 4
equilibria. Parameter values (a1, asz,as,a4) are: (i) (0,0,0,0), (i) (1,1,1,1), (iv)
(1,—-1,-0.2,1), (iv) (=1, —1.5,—1.5,1).

We can obtain an elliptic umbilic by again changing (17) only slightly,
adding z1xo terms as

f= (ag + a9 + :1:% + z172, a3 + 4wy + x% + 23:1:U2) ) (18)

Seeking its catastrophe surfaces in (aq, oo, a3, aq) parameter space, its fam-
ilies of equilibria lie on (z1, z2, a1, aq)-parameterised families

(ag,03) = — (@2 + 22+ zyx0, auy + 25+ 2x122)
which undergo folds on surfaces where By = 0, giving
oy = 2(x1 — arze + (1 + 22)%) /(1 + 21) |
and these crease at cusps along curves where By = 0, giving
o] = (.7}1 + 3x120 + 1‘2)/(3;101 + 2x9) .

Lastly, these intersect at the elliptic point, where B% p=0for k=1,2 3,4,
at
(xla €2, a1, 02,03, 064) =0 )

14



along with 9%71234 = 2. Again the bifurcation unfolds over the 4 parameters
(a1, g, a3, avg), but unlike the previous cases it can only have 2 or 4 equilib-
ria, and moreover: one is a saddle, and three are nodes or foci not all with
the same stability (by altering signs in (18) one can also obtain the case of
one node or focus and three saddles). Simulations of the phase portraits
showing the different numbers and types of equilibria are given in fig. 5.

Figure 5: Phase portraits of the system (&1, 42) = f given by (18) around an elliptic
umbilic bifurcation showing: (i) the umbilic, (ii) 2 equilibria, (iii) 4 equilibria. Parameter
values (a1, as, ag,ay) are: (i) (0,0,0,0), (ii) (0.5,—1,1,0), (i) (0.4,—-0.1,—0.1,1).

I give a more detailed description of the unfoldings of these catastrophes
in the next section. First let me remark on the counter-argument to Thom'’s
catastrophe theory mentioned in section 1.

In [11], Guckenheimer gives the example of the potential system

¢ = %(55% + m%) + 1122 + Qo1 + azxa  S.L.
f=Vo= (az + o1xg + a:%, a3 + a1z + gj%) 7 (19)

which we observe is almost the case (17), but with only 3 parameters. This
example was given to show that Thom’s classification of unfoldings of po-
tentials ¢ was inadequate to classify even gradient vector fields f = V.
The argument is that arbitrarily close to (19) lies another gradient system,

f=V (%(m% + 23) + a1z 29 + anry + gz + /M%’m) ; (20)

which for oy = a3 = 0 and g < 0 has saddle connections, unlike (19).
By a geometrical argument about universality, apparently too “tedious” to
give in [11], this implies that, even in the family of gradient vector fields,
this example should be of codimension 4, not 3 as in Thom’s theory. The
system (20) is shown with these saddle connections in fig. 6(i), and under
perturbation in (ii).

Treating this using the B-G conditions from section 3, the Jacobian com-
ponents all vanish, i.e. Bik = 0 for £ = 1,2,3,4. However, the ‘fullness’
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Figure 6: Phase portraits of the system (20) for oy =0, a3 = —2, p = —1, and (i)
Qg — 0, (II) Qg = 1/2

condition fails as G 534 = 0 for both (19) and (20), so this remains an
unstable case. To obtain a full umbilic let us instead add Guckenheimer’s
‘“tur?xy’ gradient perturbation to the full system (17), giving

/= (ag + iz + x% + 2ur129, Q3 + Q41 + a:% + um%) . (21)

Indeed this satisfies the umbilic conditions B%’ = 0 but now with gim34 =4,
i.e. a full system. Note that this only remains a hyperbolic umbilic for
w> -1/ 4173 otherwise it is elliptic; I will give the conditions distinguishing
the two this in the next section.

The outcome is that recognising these as underlying umbilics to some ex-
tent resolves the objection to Thom’s catastrophes raised by Guckenheimer.
The implication is subtle: while Thom’s theory correctly classifies the catas-
trophes of potentials ¢, determining the forms taken by their gradient vector
fields f = V¢, it does not provide a complete classification of the vector fields
f themselves, gradient or otherwise. We can, however, use Thom’s theory
to define the underlying catastrophes of vector fields, and while (19) has
codimension 3 with respect to the catastrophes of the potential ¢, it has
codimension 4 with respect the underlying catastrophes of the vector field

f.

6 Unfoldings of underlying catastrophes

To demonstrate how the B-G conditions may be used to study underlying
catastrophes of vector fields, highlighting the differences from bifurcation
theory or elementary catastrophe theory, let me run through the elementary
cases here, again using planar vector fields for ease of illustration. I will
consider both corank 1 and corank 2, taking non-gradient vector fields in
each case.
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The bifurcation sets will be represented by showing the fold and higher
catastrophe sets in parameter space. Phase portraits of the system (&1, Z2) =
f will be shown, illustrating the types of equilibria that arise from each catas-
trophe, showing cases both reducible and non-reducible to one-dimensional
centre manifolds by interchanging the components of f as (f1, f2) <> (f2, f1),
which does not affect the type of underlying catastrophe but can result in a
higher codimension bifurcation class.

There are many possible applications where catastrophe theory could
help explain bifurcation structures of vector fields, not only to ordinary
differential equations like (&1, 42) = f. Examples of reaction-diffusion (par-
tial differential equations) were given in [13, 14, 15], based on particular
applications to biological cell models or chemical reactions in e.g. chemical
reaction models in [1, 7, 8, 12, 23]. As an alternative, and better understood,
illustration of the organising properties of the catastrophes, I will show sim-
ulations of light scattering from surfaces exhibiting Thom’s catastrophes.
These are simulated here by wave integrals of the form f;oo dx cos(4¢),
which approximates the intensity observed when a uniform parallel beam of
light refracts from a surface with a surface profile defined by ¢ (the ‘4’ here
is the wavenumber k of the light being considered, the geometric theory
of catastrophes applies in the limit k& — oo, see e.g. [5], but a moderate
number is chosen here to aid numerical calculations). Though this reduces
us to gradient fields, it is a profound demonstration of how catastrophes
organise complex and universal patterns, one of the deepest successes of
Thom’s catastrophe theory and one which helped create the field of singular
optics [4, 5]. One may compare the simulations here with some stunning
photographs of optical catastrophes captured in [5].

6.1 Fold

Consider the system
f=(z2+ai, 22a+ai) . (22)
The B-G conditions to codimension r = 1 evaluate as

Bl = 2.%1 y
Gr=2. (23)

Hence there are full folds given by

f281:0 = $1::B2:Oé1:0, (24)
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Figure 7: A simple fold in a non-gradient system (22).

shown as the fold of the curve of equilibria in fig. 7.

The system (22) defines a saddle-node. If we interchange the components
(f1, f2) < (f2, f1) we obtain a saddle-focus, which as we saw in section 4
has higher codimension as a bifurcation class, the lowest of which is the
Bogdanov-Takens bifurcation. Both are shown in fig. 8(i- ii) along with the
1mage of a typical diffraction integral in (iii), given by [~ dx; cos(4¢) with

¢ = 3 3 + ayx, for which f = V¢ has a fold at the origin.

1 - //'4 / / v (11) //4 '/:Zt//’ (ii1)
// //

Figure 8: Phase portraits of (22) showing: (i) (£1,42) = f with a saddle-node, and
(ii) (&2,21) = f with a saddle-focus, both plotted for v; = 1. The intensity plot (iii)
shows the typical Airy integral of diffraction around a fold. In (i)-(ii) the @ and i
nullclines are shown by red and blue curves, respectively, and in (iii) the red curve shows
the fold set.

6.2 Cusp

Consider
f=(z2+ aoxi + 23, 224+ 1) , (25)

and the B-G conditions to codimension r = 2,

B1 = as + 3%‘% ,
82 = 61’1 )
Goi = £6 . (26)
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We can write the set of equilibria as a3 = —x9 = agxy + le)’, which have
folds at ap = —322, and a cusp at

f281252:0 = aslzyl:al:agzo. (27)

The surface of equilibria is shown in fig. 9, with curves of folds intersecting
at the cusp.

folds
cusp

a1

Figure 9: Unfolding of the cusp (25): the surface of equilibria, with folds intersecting
at a cusp.

The phase portrait of (25) is shown in fig. 10(i), while interchanging the
components of the field yields the same cusp underlying a higher codimension
bifurcation involving foci, shown in fig. 10(ii). These cases have a node-
saddle-node, and a saddle-focus-saddle, respectively, the nodes/foci being
unstable; by changing signs it is easy to obtain corresponding cases with a
saddle-node-saddle and a focus-saddle-focus, or with stable nodes/foci, the
more important feature is that (i) forms a bifurcation class while (ii) has

1 / / / (lll)

\
///7&\ W ///i}k\

Xj—

Figure 10: Phase portraits of (25) showing: (i) (&1,42) = f with two nodes and a
saddle, and (ii) (&2,41) = f with two saddles and a focus, both plotted for a; = 0,
as = —1. The intensity plot (iii) shows the typical Pearcey integral of diffraction around
a cusp.

19



higher codimension as a bifurcation class, similar to the Bogdanov-Takens
case for the fold in section 6.1. In (iii) I show the image of a typical diffraction
integral at a cusp, given by f:;o dxi cos(4¢) with ¢ = ixi‘ + %aﬂ% + o1,
for which f = V¢ has a cusp at the origin.

6.3 Swallowtail
Next take

f= (:1:2 + a3zy + axt + 1, T0 + al) , (28)
and the B-G conditions to codimension r = 3,

Bi = ag + 20311 + 43::1)’ ,
By =2as3 + 12x% ,

Bg = 24%1 s
Gs; =48 . (29)
We can write the set of equilibria as a3 = —x9 = agx + 042113% + x‘ll, with
folds at ao = —2ai31 — 493:{’ , cusps at ag = —6:3%, and so a swallowtail at
f281282283:0 = l’lzyl:al:az:agzo. (30)

These catastrophe sets are shown in (aq, a2, ag) parameter space in fig. 11.

folds

aq
o3

swallowtail

}l\ cusps

Figure 11: Unfolding of the swallowtail (28): the surface of folds, which crease along
cusps, which intersect at the swallowtail point.

There is already little discussion of the swallowtail of a vector field in
standard texts, though it does appear in applications, e.g. [23]. The phase
portrait of fig. 11 is shown in fig. 12(i). Again, interchanging the components
of the field yields the same catastrophe underlying a higher codimension
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bifurcation involving foci, shown in fig. 12(ii), and (iii) shows the image of
a typical diffraction integral near a swallowtail given by f:;o dzxy cos(4¢),

with ¢ = %x? + %agaj‘;’ + %ozza:% + aqx1, for which f = V¢ has a swallowtail

(i) / ./ i)y (i)

A oA

a8
i

\\‘T*

)
\

X—
Figure 12: Phase portrait of (28) plotted for s = 0, g = —2, showing: (i)
(£1,%2) = f with a3 = —%, and (i) (@2,41) = f with aq = % The intensity
plot (iii) shows a typical integral of diffraction near a swallowtail with a3 = —3.
6.4 Butterfly
Lastly for these cases of corank 1, consider

f= (1‘2 + agry + azrt 4+ agrd + 23, zo + ozl) ) (31)

and the B-G conditions to codimension r = 4,

Bi = as + 2asx1 + 3044:1:% + 5:}5‘11 ,
By = 203 + 6zt + 2023 |
B3 = 6ay + 6027 ,

By = 120z

Gy = £1440 . (32)
We can write the set of equilibria as a3 = —x2 = ayx1 + agx% + agsc‘;’ + x?,
with folds at g = —2a3x1 — 3044:5% — 530‘11, cusps at ay = —10:L‘%, and a

butterfly at

f=B1=By=B3=B4=0
= mm=yi=q=a=a3=04=0. (33)
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To illustrate the catastrophe sets in (a1, ag, a3, g) parameter space we can
choose different sections. Figure 13 shows 3-dimensional slices in ay = 0
and ag = 0. Figure 14(left) shows a slice through oy = —1, in which the
swallowtails are visible as points (which will collide at the butterfly when
ay = 0), while fig. 14(right) shows the surface of cusps in (ag, a3, a4) space,
which form a surface similar to fig. 11, but now creasing along curves of
swallowtails that collide at the butterfly.

butterfly butterfly

0C4=O

folds

m\ cusps

Figure 13: Representations of the butterfly unfolding, depicting the set of folds in
sections ay = 0 (left) and a3 = 0 (right) through (aq, as, a3, ay) parameter space.

swallowtails

04

\ butterfly
%\ swallowtails

Figure 14: Representations of the butterfly unfolding, depicting the set of folds in the
section ay = 1 (left), and the set of cusps (right) in (a2, a3, ay4) space.

I am not aware of any study of the butterfly of a vector field in standard
theoretical literature, but again it is beginning to appear in applications
[7, 8, 17]. The phase portrait of (31) is shown in fig. 15(i), and in (ii)
with the components of the field interchanged to yield the same catastro-
phe underlying a higher codimension bifurcation involving foci. Lastly, (iii)
shows the image of a typical diffraction integral near a butterfly given by
f__;o dxy cos(4¢), with ¢ = %w? + 4113”4 + %agl“;’ + %0621‘% + aix1, for which
f = V¢ has a butterfly at the origin.

The corank 1 catastrophes can be continued in a fairly obvious manner

22



Figure 15: Phase portrait of (31) as (i) (&1, 22) = f and (ii) (¢2,41) = f, both with
a1 =—1% ay =1 a3 =2, as = —4. The intensity plot (iii) shows a typical integral
of diffraction near a butterfly with a3 =0, ay = —3.

to successively higher codimension. Let us move on to the richer corank 2
catastrophes. I will present the hyperbolic and elliptic cases, before giving
a note on the distinction between them in section 6.7.

6.5 Hyperbolic

First take the hyperbolic umbilic, in a more convenient form for unfolding
than in section 5,

= (25513:2 + agzx + o, LL’% + :c% + g1 + ag) . (34)
The B-G conditions evaluate as

By = 423 4 2031y — 427 — 2047
B%,k = {az + 272, 221, aq + 221, 222} ,

The sets of equilibria can be written as
(a1, a0) = — (2x1x2 + agx, x% + a:% + a4x1) .

A good way to plot the fold surfaces where B; = 0 is to re-parameterise by
letting (21,22) = —3 (o, a3) = 31/a2 — o (cosh @, sinh §) for § € R. This
produces the two-sheeted surface depicted for a3 = 0 in fig. 16 (this simple
form is why we take (34) instead of (17) here, but the same can be achieved
by a coordinate change).
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/ folds

Figure 16: The hyperbolic umbilic unfolding plotted for ces = 0, showing the fold set,
with two sheets that meet along a family of double-folds emanating from the hyperbolic
point.

The two sheets meet along a family of double-folds where az = +ay,
such that in the (z,y) plane folds occur at simultaneously at (x1,x2) =
i(iag,ag), where ag = £y = éag. One sheet creases along a family of
cusps, but they are not full for the form (34) so I omit them here, and will
remark on them further in section 6.7.

Example phase portraits are shown in fig. 17(i-ii). The hyperbolic can
have two saddles, and two nodes or foci of opposite stability in (i) or (ii)
respectively (and the saddle-node or saddle-focus pairs can annihilate in
folds to leave just two or zero equilibria, as we saw in section 5).

The diffraction integral shown in fig. 17(iii) is a numerical integration of

f:;o dx1dry cos(4e), with ¢ = a2 + asrs + ayr1w2 + 2379 + %043.%'% + %x%

Figure 17: Phase portrait of (34) plotted for oy = é oy =4, a3 =0, ag = —1,
showing: (i) (&1,42) = f, and (i) (&2,41) = f. The intensity plot (iii) shows a

diffraction integral near a hyperbolic umbilic with a3 = 2, ay = 0.
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6.6 Elliptic

The last case I will illustrate here is the elliptic umbilic, simply changing a
sign from (34). Take the system

f= (2551332 + azzy 4+ oy, 2 — 25 4y + ag) ) (36)

The B-G conditions evaluate as

B = —41'% — 2039 — 433% — 20411 ,
B%,k ={ag + 22, 221, g + 221, —2x9}
Gip=4. (37)

The sets of equilibria can be written as
(a1, a0) = — (2:61332 + azzy, 2 — 25 + a4931) .

To plot the fold surfaces where B; = 0 we can re-parameterise by letting
(21,22) = —1(au, a3) + 1y/a2 — a2 (cos,sinf) for 6 € [0,27). This pro-
duces the deltoid surface depicted for ag = 0 in fig. 18. The deltoid clearly
has three families of cusps, but similar to the hyperbolic they are not full
for the form (36), so I leave these to a remark in section 6.7.

03=0 elliptic

o

Figure 18: The elliptic umbilic unfolding plotted for a3 = 0, showing the fold set,
creasing along three families of cusps emanating from the elliptic point.

Example phase portraits are shown in fig. 19(i-ii). The elliptic can have
three saddles and one node/focus, or one saddle and three nodes/foci (and
a saddle-node or saddle-focus pair can annihilate in a fold to leave at last
two equilibria, both of either saddle type, or both of node/focus type, as we
saw in section 5).

The diffraction integral shown in fig. 19(iii) is a numerical integration of

—o0 : _ 2 1.2 1.3
J=.2 dxydxy cos(4g), with ¢ = arzy + aoxs + auri Ty + wiTe + 5azr] — 55,
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az =3, ag = 2,

3
5!
showing: (i) (&1,%2) = f, and (i) (£2,41) = f. The intensity plot (iii) shows a
diffraction integral near an elliptic umbilic with a3 =4, ay = 0.

Figure 19: Phase portrait of (36) plotted for a; = 15, o =

6.7 Note on the umbilics

The means to classify singularities as either hyperbolic or elliptic is some-
what obscure in many texts, but is well described in [21] in a manner ap-
plicable to the planar vector fields above. The type of a quadratic form
fi = %ax% + bxixo + %cx% can be found from its Hessian matrix S =

aijgiz :( Z fi >; the function is hyperbolic, elliptic, or parabolic, if the

determinant |S| is negative, positive, or zero, respectively. To find the type
of a planar quadratic form f = (fi, f2), we first form a combination of the

. o2 o2
Hessians Sy, , = A1 (%ig;j + A2 8951-52:2 ,

then consider the determinant |Sy, », |

2
as a quadratic form in (A1, A2), and hence form the Hessian S = 783 gi\_,
3 J

to again find that the function is hyperbolic, elliptic, or parabolic, if the
determinant |S| is negative, positive, zero, respectively. For the geometric
interpretation of how this characterises the way a function spans the space
of quadratic forms see [21].

Calculating directly for the umbilics in section 6.5-6.6, for (34) we obtain
a hyperbolic, since

Ao A
S>\1)\2 = ( )\i )\; > = ’S>\1>\2| = )‘g - )‘%

& S:<01 (1)> = [S|=-1<0, (38)
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and for (36) we obtain an elliptic, since

A2 A
swa= (3 ) = 1Sl =

& S:(_Ol _01) = [S|=1>0. (39)

I remarked in section 6.5-6.6 that the cusps observed on the fold sets
are not full for the forms of umbilic given here, so they cannot be found
using the condition By = 0. They can be made full by adding certain terms
to (34) and (36), but this considerably complicates the analysis to show
the unfoldings. A complete analysis will form part of a more far reaching
theory currently in draft, which will seek to fully bridge the gap between the
underlying catastrophes, which are merely a methodological tool for finding
bifurcations, and the full rigour of bifurcation theory.

7 Closing remarks

I stated in the introduction that underlying catastrophes aim to bring the
simplicity of catastrophe theory back into bifurcation theory, and render it
more amenable to application without altering the theory itself. It must
be noted that in this respect, underlying catastrophes seek only to be a
methodological tool, and in this paper I have sought to not only explain
their working, but also highlight cases where they do not fully capture bi-
furcation classes. As mentioned at the end of section 6, it seems that a
deeper theoretical development should be possible that closes this gap be-
tween the method of underlying catastrophes and the theory of vector field
bifurcations; this work is currently in draft with P.C.C.R. Pereira and ex-
pected to appear soon.

This forthcoming work aims to lay down a more rigorous theory for
the underlying catastrophes, and make the necessary extensions to identify
bifurcation classes. Future work will also look more closely at the umbilics,
to prove the form of their unfoldings and derive their different bifurcation
classes, as these seem to be new to the bifurcation theory of vector fields.
It is hoped that such work will also fully extend the B-G conditions to the
umbilics, as beyond the hyperbolic and elliptic shown here, there lie also
the parabolic and symbolic umbilics, and higher codimensions, well known
in catastrophe and singularity theory but unknown in general vector fields.
It may also be possible to extend the concept of underlying catastrophes to
global dynamics by applying them to return maps, and some steps in this
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direction are taken by looking at catastrophes of the ‘displacement map’,
though in the context of averaging theory, in [16].
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